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Preface 



Since the seventies years of the past century, stimulated namely by the 
ingenious collection edited by Harding and Kendall [47] and Matheron’s 
monograph [69], stochastic geometry is a field of rapidly increasing in- 
terest. Based on the current achievements of geometry, probability and 
measure theory, it enables modeling of two- and three-dimensional ran- 
dom objects with interactions as they appear in microstructure of mate- 
rials, biological tissues, macroscopically in soil, geological sediments, etc. 
In combination with spatial statistics it is used for the solution of prac- 
tical problems such as description of spatial arrangement and estimation 
of object characteristics. A related field is stereology which makes infer- 
ence on the structures based on lower-dimensional observations. 

The subject of stochastic geometry and stereology is nowadays broadly 
developed so that it can be hardly covered by a single monograph. This 
was successfuly tried in the eighties by Stoyan et al. [109] (the first 
edition appeared in 1987), recently, however, specialized books appear 
more frequently, as those by Schneider & Weil [103], Vedel-Jensen [116], 
Howard & Reed [54], Van Lieshout [115], Barndorff-Nielsen et al. [2], 
Ohser & Miicklich [86] and Mpller & Waagepetersen [80]. This list might 
be followed by volumes on the shape theory and random tessellations. 
We tried to continue this series by collecting several recently studied 
topics of stochastic geometry and stereology, with accents on fibre and 
surface systems, particle systems, estimation of intensities, anisotropy 
analysis and statistics of particle characteristics. 

Like in all applied areas, a close cooperation between theoretical math- 
ematicians working in stochastic geometry and related fields and scien- 
tists doing applied research is necessary, and there are several activities 
aiming at a satisfaction of this need. Among them, we may mention 
regular stereological congresses organized by International Society for 
Stereology, where biologists, medical doctors, material scientists and 
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mathematicians meet together, further the joint workshops of mathe- 
matitians and physicists interested in stochastic geometry organized by 
D. Stoyan (see [74]). 

The present book is an attempt to present the theory in a concise 
mathematical way, but illustrated with a number of practical demon- 
strations on simulated or real data. 

After the first chapter presenting necessary background from measure 
theory, convex geometry, probability and statistics. Chapter 2 is devoted 
to an overview of the basic notions and results on random sets, random 
measures and point processes in the euclidean space (we refer here fre- 
quently to the monograph of Daley & Vere -Jones [23]). Section 3 deals 
with stationary random fibre and surface systems and the estimation of 
their intensities. In our terminology, a random fibre (surface) system is 
a random closed set, whereas the notion of a fibre (surface) process is 
reserved for genuine processes of fibres (surfaces). Using an approach of 
geometric measure theory, fibres (surfaces) are modelled by Hausdorff 
rectifiable sets, as suggested by Zable [125] already in 1982, but not 
widely accepted in stochastic geometry so far. 

Chapter 4 is devoted to an important method of geometric sampling 
called “vertical” and originated in the eighties by Baddeley, Cruz-Orive 
and Gundersen (see [1, 4]). Vertical sampling is a promising alternative 
to isotropic uniform random (lUR) sampling which is hardly applicable 
to real structures. Vertical sampling designs are applied to the intensity 
estimation of random fibre and surface systems and following the joint 
research with Gokhale [39], [51] to the estimation of some other char- 
acteristics as particle mean width or integral mixed curvature. We use 
both model- and design-based approaches in this chapter. 

The analysis of anisotropy of a random fibre or surface system is the 
contents of Chapter 5. We focus on both planar and spatial fibre sys- 
tems and spatial surface systems. An overview is presented of different 
methods solving the inversion of the well-known formula connecting the 
rose of intersections with the rose of directions (see (5.10)). The esti- 
mation of the orientation-dependent rose of normal directions (for the 
boundary of a full-dimensional body in the space) is considered as well. 

Section 6 deals with the stereology of particle systems, reviewing and 
developing some classical methods of unfolding of particle parameters 
using data from planar sections. Including particle orientations among 
parameters requires again vertical sections to be employed for sampling. 
Finally, applying the statistical theory of extremes it is shown how to 
detect extremal characteristics of particles. 
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PRELIMINARIES 



1.1. Geometry and measure in the Euclidean 
space 

Let denote the d-dimensional Euclidean space with Euclidean norm 
II • II and scalar product (•,•). By Br(x) we shall denote the closed ball 
with centre x and radius r and we shall write briefly B^. = Br (0) . The 
symbol 8“*“^ = {n € : ||u|| = 1} denotes the unit sphere, SO(d) 

the group of rotations in and the Grassmannian of fc-dimensional 
linear subspaces of A; = 0, 1, . . . , d. The space Ck is equipped with 
the unique rotation invariant (uniform) probability distribution denoted 
by U. 

Eor two subsets A, B of we denote by 

A® B = {a + b : a € A,b € B} 

the Minkowski sum of A and B and we write shortly A + b instead of 
j 4. © {6} (the translate of A by the vector b). Eurther, 



A©B= p|(A + 6) 

6eB 

denotes the Minkowski subtraction of A and B. By B = {—b : b € B} we 
denote the central reflection of B and the set A ® JB, A © is called the 
dilation, erosion of A with B, respectively. It follows from the definition 
that z G A©J3 if and only if the translate z+B hits A, whereas z G AQB 
if and only if -f B is contained in A. 

The symbol [x, y] denotes the segment with end-points x,y 




2 



STOCHASTIC GEOMETRY 



1.1.1 Measures 

Under a measure we always understand a nonnegative and a-additive 
set functional. A Borel measure in M** is a measure defined on the o- 
algebra of Borel subsets of M**. The symbol 6x denotes the Dirac 
measure concentrated in x 6 M'*, i.e., 5i(5) = where 1b is the 

characteristic function of the set B (i.e., Ifl(x) = 1 for X € B and 
= 0 otherwise). 

If /li is a measure on a measurable space (A, A) and / : (A, A) -A 
(E,£) a measurable mapping, then denotes the /-image of/U, i.e., 
a measure on (E, £) given by 

B&£. (1.1) 

For two measures fx, u on (A, A) we say that u is absolutely continuous 
with respect to /i (written as u <K fx) if any /i-null set is also a i/-null 
set. If this holds for a-finite measures /x, u, then there exists a /x-almost 
everywhere unique measurable function f : A -A (called a density of 
u with respect to fx) such that u{A) = fdfx. 

The support of a measure p on is defined as 



supp/x = P|{-P’ C closed : /x(K‘^ \B) = 0}, 



supp p is the smallest closed set such that p vanishes on its complement. 

The convolution of two measures p, u on (K'*, is the Borel measure 
in 

p * u = {p X (1.2) 

where p x u is the product measure in x R** and + : (x,y) x + y 
is the usual operation af addition. Using (1.1) and the Fubini theorem, 
we get the standard formula 



(/X * u){B) = {px u){+ ^{B)) 

= (/X X'^)({(a;,y) :a; + j/e5}) 

= J u{B — x)p{dx). 



The definition of the convolution can be applied analogously for any two 
measures on a measurable space equipped with the addition operation 
which should be measurable. 

By Ud we shall always denote the Lebesgue measure in and Ud — 
Vd{Bi) denotes the volume of the unit ball in R*^. For the integration 
with respect to the Lebesgue measure we shall sometimes write only 
“dx” instead of “i>'rf(dx)”. 
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Figure 1.1. Definition of the width of a convex body. 

1.1.2 Convex bodies 

Let C,C'he the system of all compact convex sets, nonempty compact 
convex sets in respectively. A set if 6 C is called a convex body. If 
K €.C then for each u G there is exactly one number h{K,u) such 
that the hyperplane (line in , plane in R^ ) 

{a; G R** : {x, u) - h{K, u) = 0} (1.3) 

intersects K and {x, u) — h{K, ti) < 0 for each x € K. This hyperplane is 
called the support hyperplane and the function h{K,u), u G is the 
support function (restricted to of K. Equivalently, one can define 

h{K, u) = SMp{{x,u),x G K}, uGR*. (1.4) 

Its geometrical meaning is the signed distance of the support hyperplane 
from the origin of coordinates. The sum h{K,u) + h{K,—u) = 6«(if), 
u G is the width of K - the distance between the parallel support 
hyperplanes, see Fig. 1.1. An important property of /i(if, u) is its ad- 
ditivity in the first argument: h{Ki ® K 2 ,u) = h{Ki,u) -b h{K 2 ,u). A 
convex body K is centrally symmetric if K' = K' for some translate K' 
of K, i.e., if K has a centre of symmetry. In what follows, mostly convex 
bodies that possess a centre of symmetry will be considered. 

The Minkowski sum of finitely many centred lin e segments is called 
a zonotope. Besides of being centrally symmetric, in also its two- 
dimensional faces are centrally symmetric. Consequently, regular octa- 
hedron, icosahedron and pentagonal dodecahedron are not zonotopes. 
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On the other hand, in all centrally symmetric polygons are zono- 
topes. 

Consider a zonotope 

k 

Z = Qai[vi,-Vi], (1.5) 

1=1 

where Oj > 0, Wj £ Its support function is given by 

k 

h{Z,u) = 'Y^ai\{u,Vi)\ (1.6) 

1=1 

and, conversely, a body Z ^ C' with the support function (1.6) is a 
zonotope with the centre in the origin. 

We shall use the standard notation K! for the space of all nonempty 
compact subsets of equipped with the Hausdorff metric (see [69, 43]) 

dH{K,L) = max < sup dist (x, L), sup dist (y, if) > (1.7) 

[x^K yeL J 

(dist (x, L) = itiizQL ||a^ ~ ts\\ is the distance of a point x from the set L). 

The corresponding convergence is denoted as dj/-convergence. A set 
Z £ C' is called a zonoid if it is a c?iy-limit of a sequence of zonotopes. 

A convex body Z is a zonoid if and only if its support function has a 
representation 

h{Z,u) = [ |(ii,t;)|/z(du), (1.8) 

for an even measure /j, on (see [41, Theorem 2.1]). The measure 
jj, is called the generating measure of Z and it is unique as shown in 
[69, Theorem 4.5.1], see also [41]. For the zonotope (1.5) we have the 
generating measure 

k 

= (1-9) 

i=l 

where = 1((5„. + <5_^.). 

Zonotopes and zonoids have several interesting properties and wide 
applications (see [41], [101]), e.g. the polytopes filling (tiling) R^ by 
translations are obligatory zonotopes (cubes, rhombic dodecahedrons, 
tetrakaidecahedrons). 

Exercise 1 . 1 Express the support function of a line segment in R^ in 
polar coordinates. 
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Exercise 1.2 Verify the additivity formula 

h{K®L,-)=h{K,-) + h{L,-). 

Exercise 1.3 Verify the following formula for the Hausdorff distance 
of two convex bodies: 

dH{K^L)= sup \h{K,u) - h{L,u)\. 
ugS<^-‘ 

Exercise 1.4 Show that the family C of convex bodies is closed in K' 
with respect to the Hausdorff metric. 



1.1.3 Hausdorff measures and rectifiable sets 

In this subsection we give a survey of some notions and results from 
geometric measure theory which can be found in Federer [31] or Mat- 
tila [70]. An instructive treatment of the area and coarea formulae for 
smooth sets with applications in stochastic geometry was presented by 
Vedel-Jensen [116]. 

Let A:€ be fixed. The Hausdorff measure Hf of order k 

in is defined as 



%^{A) 



lim 

(5-t’0+ 



inf 

^CUi Gi 
diamG^<6 



E ( dicLiu G% \ ^ 



( 1 . 10 ) 



where diam Gi denotes the diameter of Gi and the infimum is taken over 
all at most countable coverings of A with (any) sets of diameters less 
or equal to 5. Equation (1.10) may be applied to any subset A of 
defining 'H* as an outer measure (called a measure in [31, §2.1.2]). The 
outer measure becomes a measure when restricted to the family of 
7f*-measurable sets which encompass the family of Borel sets. It can 
be shown that Hf is Borel regular (i.e., for any A there exists a 
Borel set B D A with = H^{A)), motion invariant, homogeneous 

of order k and, in particular, HP is the counting measure and = Ud- 
Note that extends the standard fc-dimensional differential-geometric 
measure defined on smooth fc-dimensionaJ submanifolds of see 
e.g. [97]. 

We caU a subset A C R^ k-rectifiable if it is a Lipschitz image of a 
bounded subset of R* (a mapping / is Lipschitz if there exists a constant 
M such that ||/(a;) — /(y)|| < Mlja: — y|| for any x,y from the domain of 
/). A set A c R'* is {Hf , k) -rectifiable if 

1) A is B^’-measurable, 

2) HP [A) < 00, 
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3) A = y^o ?^*{Wo) = 0 and Wi fc-rectifiable for i > 1. 

Finally, A C is rectifiable if A n if is fc)- rectifiable for any 
if C compact. 

Any piecewise C^-smooth fc-dimensionaJ manifold in is i{*^-recti- 
fiable, but the class of i^*^-rectifiable sets is substantially larger. For 
example, the distance function from any subset of M (even a fractal 
one) is Lipschitz and, hence, its graph is even 1 -rectifiable. For the 
purposes of stochastic geometry, i/^'-rectifiable sets have the important 
property that the rectifiability is inherited by sections almost surely (cf. 
Theorems 1.11, 1.12). 

Unlike the case of (piecewise) smooth manifolds, T^^'-rectifiable sets 
need not possess fc-dimensional tangent planes in the usual sense at 
almost all points. Nevertheless, this property is true with a suitably 
adjusted definition of tangent vectors. 

The tangent cone of a set A C at o G R** is the closed cone in 
R*^, Tan (A, a), defined by the following property: 0 G Tan (A, a), and 
a vector u 7 ^ 0 belongs to Tan (A, a) if and only if for any e > 0 there 
exists 6 G A with 0 < ||6 — a|| < £ and 

u (b — a) 

ll^ill 11^ -all 

The k- approximate tangent cone of A at a is then given by 
Tan*=(A,a) = P|{Tan(S,a) : 0*(A \ 5,a) = 0}, 



where 

e->0+ 

is the (upper) A:-dimensional density of E in a. The set Tan*’ (A, a) is 
again a closed cone in R“^ which is in general a subset of Tan (A, a). 
Roughly speaking, we can say that Tan*’ (A, a) neglects the “lower than 
fc-dimensional components” of A, see Fig. 1.2. If A is a /s-dimensional 
C^-manifold, Tan* (A, a) = Tan (A, a) coincides with the classical tan- 
gent fc-plane at o. The importance of the approximate tangent cones 
follows from the following theorem. 

Theorem 1.5 ([31, §3.2.19]) If A is -rectifiable, then forEL^- 

almost all a € A, Tan*(A, a) is a k-dimensional subspace o/R^. 

Let A C R'’* be ('H*’, /c)-rectifiable and let / : A R” be Lipschitz. It 
is not difficult to show that /(A) is (H*’, fc)-rectifiable (in R”) as well. It 
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Tav?{A,a) 




Figure 1.2. Tan* (A, a) neglects the lower than A;-dimensional components of A: it 6 
Tan (A, a) but u Tan^(A, o). 



can further be shown that / can be approximated by a C^-differentiable 
mapping g on such that ©*({/ ^ 9 }, a) = Ofor T^^’-almost all a £ 
A. If a 6 >1 is such a point and if, furthermore, Tan *'(A,o) is a k- 
dimensional subspace, we define the approximate dijferential of f at a, 
apD/(o), as the restriction of the differential Dp(a) to the approximate 
tangent subspace Tan (A, a) (the correctness can be shown). Form < k, 
the m- dimensional approximate Jacobian of / at a is then defined as 

ap Jm/(a) = supi/,„{apD/(o)(C7)), 
c 

where the supremum is taken over all unit m-cubes C in Tan (A, a). 
Note that, if A is a -submanifold and / is differentiate on A, apD/(a) 
is the classical differential and ap Jfc/(a) the classical Jacobian of / at 

a. 

Now we can formulate the general area-coarea formula: 

THEOREM 1.6 ([31, §§3.2.20,22]) Let A C be [n^,k) -rectifiable 
and B d W -rectifiable, k > m, let f : A -A B be a Lips- 

chitz mapping and let h : A M. be a nonnegative measurable function. 
Then 

[ &Y>Jmf{o)h{a)'U'^{da)= [ [ 

Ja JBJf-^z} 



h{x)H’^-'^{dx)fr{dz). 
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Exercise 1.7 If g -a is differentiable at a and d > n then 

ap Jng{a) = \Jdet{Dg{a)'^Dg{a)), 

where D5(a) represents the matrix of partial derivatives of g at a. 

Exercise 1.8 If f = g \ A is the restriction of a differentiable mapping 
to a {'H^,k) -rectifiable set C then apD/(a) = Dp(o) | Tan*(A, a) 
for H^-almost all a G A. 

Exercise 1.9 Show that the boundary of a convex body in is (d-1)- 
rectifiable. 

Exercise 1.10 Let F be a -smooth curve in of finite length and let 
Pl denote the orthogonal projection onto asubspace L € Cd-i- Assume 
that the projection pi is injective -almost everywhere on F. By using 
Theorem 1.6, show that 

where t{x) = Tan^(F,a;) is the tangent direction of F at x GF. 



1.1.4 Integral geometry 

The object of integral geometry are mainly formulas involving kinema- 
tic (translative) integrals of some geometric quantities. As classical ref- 
erence, the book of Santalo [97] serves, whereas for our purposes, later 
treatment using the measure theoretic language is more appropriate (e.g. 
[104, 102]). 

One of the simplest integral-geometric formulas follows directly from 
the Fubini theorem. If A is a measurable subset of and E a /s-flat in 
(a /s-dimensional affine subspace), then 



t^d{A) = [ Uk{A n (i^’ + y))Rd-fc(dy), 
JF^ 



( 1 . 11 ) 



where F'^ denotes the subspace perpendicular to E. Including an additi- 
onal integration over rotations, one obtains 




Uk{Ar\F)pk{dF), 



( 1 . 12 ) 



where Fk is the space of all A;-flats in R*^ and pk the motion invariant 
measure on Fk normed as the product of the uniform probability distri- 
bution on Ck with {d — fc)-dimensional Lebesgue measure (i.e., we can 
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write Hk{dF) = u^_k{dy)U{dL), ifF = L+y is the unique decomposition 
of F €. Fk into a linear subspace L and a shift y 6 L^). An analogous 
formula for the volume of the intersection of two bodies follows again 
from the Fubini theorem: 






ua{An gB)‘dd{dg) = 



(1.13) 



where Qd is the group of all euclidean motions in (i.e., compositions of 
rotations and translations) and '&d the invariant measure corresponding 
to the product of the rotation invariant probability distribution over 
the group of rotations and the d-dimensional Lebesgue measure over 
translations. 

Kinematic formulas can be written also for the Hausdorff measure of 
lower-dimensional (rectifiable) sets. We present here, for illustration, a 
result of this type due to Zahle [125, §1.5.1]. 



Theorem 1.11 Let m + n>d be natural numbers and let A be an 'HF'- 
rectifiable and B an -rectifiable subsets o/R‘* such that their cartesian 
product A X B is -rectifiable. Then A D gB is -rectifiable 

for •dd-almost all motions g and we have 




U'^+'^~\Af\gB)'dd{dg) 



Td,m,n 






where (denoting r(>) the Euler gamma function) 

id,m,n p ^ m+n— d+1 ^ p ^ d+1 ^ ‘ 

Translation formulas for the Hausdorff measure are more involved, 
including integration over Jacobians. We present a particular version 
here which will be used later. To do this, we need some notation. Let 
M, N be two linear subspaces of R** of dimensions m, n, respectively, 
with m-t-n > d, and let {m, . . . , {ui, • • • j ^n} be orthonormal bases 
of M,N such that {ui = vi,... ,Uk = Vk} is a basis of M n TV. We 
shall denote by [M, N] the (d-dimensional) volume of the parallelepiped 
spanned by ui, . . . , Um, •••,««• Note that if m = n = d — 1 then 
[M,TV] =sin ^(M-L,TV^). 



Theorem 1.12 Let m,n, A, B be as in Theorem 1.11. Then An{B — z) 
is -rectifiable for Vd-almost all z and we have 



[ n'^^^-‘^{An{B -z))dz 

= [ f [Tan”‘(A,a),Tan"(5,6)]7{”(d6)7i"‘(da). 

JaJb 
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The theorem can be proved by applying the coarea formula (Theo- 
rem 1.6) to the function {a,b) b — a defined onAxB (for details, see 
[123, 125]). 

More important are integral-geometric formulas for “second-order” 
(depending on second derivatives) quantities as quermassintegrals, intrin- 
sic volumes or curvature measures. In order to define meaningfully these 
notions, we have to restrict ourselves to a smaller class of sets, e.g. to 
convex or polyconvex bodies, sets with smooth {C^) boundaries, or some 
generalizations of these. We start for simplicity with convex bodies. 

Given a convex body iii C and A: G {0, 1, , d}, we define the kth 
intrinsic volume of K by 

Vk(K) = (f) f niPLK)U(iL) 

\kj UktOd-k Jck 

(here pi stands for the orthogonal projection to L). After renorming 
and reindexing, we get the classical quermassintegrals 

wUiK) = jAVk(K) 

(the additional upper index at W indicates the dependence on the dimen- 
sion of the embedding space). The intrinsic volumes can be defined also 
by means of the 

d 

Vd{K®Br)=Y.^kr'^^d-k{K). (1.14) 

fc =0 

A local version of the Steiner fomula makes it possible to introduce 
curvature measures of K as local variants of the intrinsic volumes (see 
[99]). If the boundary of K, dK, is C^-smooth, we can also express the 
intrinsic volumes as integrals of certain functions of principal curvatures. 
We shall illustrate this fact only on the example of a smooth convex body 
in let fci(a:), k 2 {x) denote the principal curvatures of ^ at a: G dK 
and denote 

K{x) = ki{x)k 2 {x), = (1.15) 

the Gauss, mean (respectively) curvature of K at x. Then we have 



Vo(K) = 


- f Kix)H'^-^idx), 


(1.16) 




JdK 




Vi{K) = 


A f 

JdK 


(1.17) 


V2{K) = 


1 [ U<^-Hdx). 

^ JdK 


(1.18) 
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Formulas (1.16), (1.17) and (1.18) can be applied as definitions of intrin- 
sic volumes for sets with smooth boundaries (not necessarily convex). 
Note that local curvatures can be defined also for certain nonsmooth 
bodies (e.g. convex sets), but the integrals should be performed then 
over the unit normal bundle instead of the boundary only (see [126]). 

On the other hand, formulas (1.17) and (1.18) together with our def- 
inition of intrinsic volumes can be rewritten in the form 

S{K) = 4 / area(piif)f7(dL), (1.19) 

JCi 

M{K) = n f \Qngth{piK)U{de) = 

JCi 

= f perimeter(piiif)i7(dL), (1-20) 

JC2 

which are known as Cauchy (or Kubota) formulas; here we use the clas- 
sical notations M(K) for the integral of mean curvature over dK and S 
for the surface area content. 

Intrinsic volumes can be extended to polyconvex sets (finite unions of 
convex bodies) by additivity (i.e., the property Vk{K\JL) + Vk{KnL) = 
Vk{K) + Vk{L)). Even after the extension, the following characteristic 
properties remain valid: V^i is the Euler-Poincare characteristic, Vd-i 
one half of the surface content (in case of a full-dimensional set), and Va 
is the volume (Lebesgue measure). Of course, the Cauchy formulae are 
not valid for general polyconvex sets. 

The basic integral-geometric relation for intrinsic volumes is 



Theorem 1.13 (Principal kinematic eormula) Let K, L be polycon- 
vex sets in Then for k = 0,l,...d we have 



L 



Vk{Kr\gL)'&d{,dg) 



Y. Td,r,sVr{K)Vs{L) 

0<r,«<<< 



(the constant '^d,T,a defined in Theorem 1.11). 



We remark that the principal kinematic formula holds for all reason- 
able extensions of intrinsic volumes and also that an appropriate gener- 
alization is true for the local versions (curvature measures). Replacing 
the second polyconvex set with a flat we obtain 



Theorem 1.14 (Crofton formula) For a polyconvex set K in 
and for j, with k <j we have 



L 



Vk{K n gF)pj{dF) — 'yd,d+k-jjVd.+k-j{K)- 
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Exercise 1.15 Let M, N be linear subspaces of of dimensions m,n, 
respectively. Then [M,N] can equivalently be defined as the {2d—m—n)- 
dimensional volume of the parallelepiped spanned by any orthonormal 
bases of the complements M-^ and iV-*-. 

Exercise 1.16 Applying Theorem 1.11, show that the translative inte- 
gral of the number of intersection points of a curve -rectifiable 

set) r with a unit circle in equals AfL^iT). 

Exercise 1.17 Compute the intrinsic volumes of a two- and three- 
dimensional ball. 

Exercise 1.18 Using mathematical induction, show the following iter- 
ative version of the principal kinematic formula valid for p > 2 convex 
bodies in 

[ Vk{Ki n 52-K'2 n • • • n gpKp)'&aidgp) • • ■ dd{dg 2 ) 

Gd 

E r,Vr,{K,)---Vr^{Kp) 

riH \-Tp=(p-l)d+k 

with the constants 





rm--- 


P 1 




1 


V 1 


hrp-dj 


ir(Sfi) 


P-1 



1.2. Probability and statistics 

In this section, (Q,.4, Pr) will denote a (fixed) abstract probability 
space, i.e., .4. is a cr-algebra of subsets of El and Pr a probability measure 
on A. A measurable mapping X of into a measurable space (T,T) 
is called a random element in T. The distribution of X is a probability 
measure PrX“^ on T, cf. (1.1). Specially, ifT = R we call X a random 
variable. Standard symbols are used for the expectation of a random 
variable EX = J^dPr, variance varX = E(X — EX)^, covariance 
cov (X, F) = E(X - EX)(F - EF) of two random variables. For any 
random vector X = (Xi, . . . , X„) the distribution function is defined as 

F{xi,...,xn) Pi [Xfc<Xfc]), (a:i,...,a;„) CR". 

l<fc<n 

A sequence of random elements (X^) converges to a random element 
X almost surely (a.s.) if 

Pr{o; e fl; lim X„(ca) = X(w)} = 1. 

n->oo 
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For random elements X,Xi,X 2 ,... in a metric space (T, p) we say that 

Pr 

the sequence (X^) converges in probability to X (denoted Xn -> A") if 
for any e > 0 

lira Pr[p(X„, X) > e] = 0. 

n—¥oo 

Almost sure convergence implies convergence in probability. A sequence 
(X,i) of random variables with partial sums Sn = Xi is said to obey 

the strong (weak) law of large numbers if ^ converges almost surely (in 
probability) to a constant. 

Let 7~ be the Borel cr— algebra on a metric space {T, p). A sequence 
(pn) of probability measures on T converges weakly to a probability 
measure p (we write pn ^ p) if f fdpn -> / fdp for every bounded 
continuous function / : T — )• R. A sequence (X„) of random elements 

converges in distribution to a random element X (denoted -4 X) if 
Pr^“^. Convergence in probability implies convergence in 
distribution and both concepts coincide if X is almost surely a constant. 
We shall denote by N{a, a^) the Gaussian distribution with mean a 

and variance Instead of Xn -4 X where X is Gaussian we sometimes 

write XnAN{a,a^) . We recall the classical central limt theorem for a 
sequence of independent identically distributed (i.i.d.) random variables, 
see e.g. [58, Proposition 4.9]. 

Proposition 1.1 (Levy-Lindeberg) Let Xi,X 2 ,... be i.i.d. random 
variables with EJlfi = 0 and var Xi = 1. Then 

n 

n-5 J];jtfc4iV(0,l). 

k=l 

For p > 1 , let be the class of random variables X with 

= (E|xr)‘/’’ < oo. 

A sequence (X„) of random variables converges to A in i/ if lim„_^oo 
II An — A lip = 0. Convergence in 1/ implies convergence in probability. 
The converse implication is not true in general but it holds under an 
additional assumption. A system (Xj, j 6 J) of random variables is 
said to be uniformly integrable if 

lim sup f I Aj I dPr = 0. (1-21) 

For the proof of the following result, see e.g. [58, Proposition 3.12]. 
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Proposition 1.2 Let X, Xi,X2,... be in IP and let Xn -> X. Then 
Xn-^X in IP if and only if the sequence (|X’„|p, n € N) is uniformly 
integrable. 

In the following subsection on Markov chains we shall need the notion 
of a probability kernel. 

Definition 1.19 Let (T,T), (E,£) be measurable spaces. A (probabil- 
ity) kernel from (T, T) to (E, £) is a mapping p :T x £ [0, oo) such 

that (i) t p{t,A) is measurable for each A £ £, (ii) A p(t,A) is a 

(probability) measure for all t sT. 



1.2.1 Markov chains 

The background of Markov chains on arbitrary state spaces is briefly 
described. All the notions and statements mentioned in this subsection 
can be found in [75]. 

Let (E, £) be a Pohsh space (i.e., separable complete metric space) 
with Borel cr-algebra. Let p, he a probability measure on £ and P a 
probability kernel from (E, £) to (E, £). 

A collection Y = mmo of random elements in£' is called a (homoge- 
neous) Markov chain with transition kernel P and initial distribution p 
if for any integer n and for any Ai g£, z = 0, . . . , n, it holds 



Pr[yo€Ao,...,yneA„] 




P(yn-uAn)P{yn-2,dyn-i) • • • -P(yo, dyi)iu(dyo)- 



The n-th power of the kernel P is defined by the recursive formula 

P"(x,A)= f P^-\y,A)P{x,dy), (1.22) 

JE 

where we set P^(x,A) = Jx(A.). The value P”(x,A) is interpreted as 
the probability that the chain gets from state a: to A in n steps. 

The random variable ta = min{n > 1 : 6 A} is called the return 

time to a set A € A Markov chain Tis <j)- irreducible with a probability 
measure (j) on (E, £) if (j){A) > 0 implies Pr < oo | Vq = x] > 0 for 
aA X E E. According to [75, p. 88], for Y (^irreducible there exists a 
maximal (w.r.t. partial ordering <3c;) probability measure ^ such that Y 
is V’-irreducible. Denote £~^ = {A ^£ •. 'tp(A) > 0}. 

A set C G f is a small set if there exist m > 0, (J > 0 and a probability 
measure v such that for all x € C and B C £ it holds 



P'^ix^B) > 6u{B). 



(1.23) 
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A ^-irreducible Markov chain is called aperiodic if for some small set 
C € 5'*', the greatest common divisor of those m’s for which (1.23) 
holds for some 5 is 1. Denote t]a — ^[yn6^]' A set A € £ Harris 

recurrent if 

Pr[jj/i = 00 I Yq = x] = 1, X € A. 

A ^’-irreducible Markov chain Y is Harris recurrent if each A G £■*■ is 
Harris recurrent. 

A <7-finite measure tt on £ is invariant (w.r.t. the kernel P) if 



7t{A) = J P(x, A)Tr(dx) 

for each A 6 £. A ^-irreducible Markov chain Y is called positive if it 
has an invariant probability measure. 

The Markov chain Y with an invariant probability measure tt is called 
ergodic if 

lim sup |P"(x, A) - 7 t(A)| = 0 

for aU X G P. An aperiodic Harris recurrent Markov chain is ergodic if 
and only if it is positive. Further equivalent conditions for ergodicity are 
stated in [75, p. 309]. 

A Markov chain Y with invariant probability measure tt is called ge- 
ometrically ergodic if there exists a finite measurable function M on E 
and r G (0,1) such that 



sup |P"(x, A) - 7r(A)| < r"M(x) (1.24) 

A^E 



for any integer n and all x G P. If, in addition, M (x) is bounded, Y is 
said to be uniformly ergodic. The chain Y is uniformly ergodic if and 
only if P is a small set. Characterizations of geometric ergodicity can 
be found in [75]. 

Let F be a positive Markov chain and / a real measurable function 
on P. Denote 

” i=i 



and let E,r/) vax^/ be the expectation, variance of f{X), respectively, 
where 31 is a random element with distribution tt. 

A Harris recurrent positive chain F satisfies the strong law of large 
numbers; 



Pr 



lim /„ = E^/ = 1. 
Ln->oo J 
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A positive Markov chain Y is reversible if for any A, B €. £ ii holds 

[ P{x,B)n{dx)= f P{x,A)Tr{dx). 

Ja Jb 

If Y is geometrically ergodic, reversible and var^/ < oo then the central 
limit theorem holds: 

n^{fn~E^f) N{0,tfvaxnf) n -4 oo, (1.25) 

where tf = is, finite and 

cov(/(Fo),/(n)). 

Pk — j > 

var^r/ 

the initial variable Vq is assumed to have the distribution tt. 

1.2.2 Markov chain Monte Carlo 

Let (E, £) be a Polish state space with Borel cr-algebra and tt a tar- 
get probability measure on £. For the case when it is impossible to 
simulate directly from the target distribution we discuss methods of 
the construction of an ergodic Markov chain Y with invariant measure 
7T. Corresponding simulation techniques are called Markov chain Monte 
Carlo (MCMC). In fact, we restrict ourselves to one of them called the 
Metropolis-Hastings algorithm, for other methods such as Gibbs sam- 
pler, see [34]. 

Let the target distribution tt have a density tt{x) with respect to a ref- 
erence measure p, and denote E+ ^ {x E E-, ir{x) > 0}. Let g be a prob- 
ability kernel with density g, i.e., Q{x, dy) = q{x, y)p{dy), Q{x, E~^) = 1 
for X E {E'^y. Define 

= (1.26) 

for nix) q{x,y) > 0, a{x,y) = 1 otherwise. The algorithm starts in an 
arbitrary initial state xq E E~^. If the Markov chain state at n is y„ = x, 
a candidate Tn-t-i = 2/ is simulated from the distribution Q(ar, •)• With 
probability o;(x, y) the candidate is accepted, otherwise it is rejected and 
we set = x. The algorithm almost surely does not leave E~^ ^ the 
knowledge of ir{x) up to a multiplicative constant is sufficient. 

Define p{x, y) = q(x, y)a{x, y) for x ^ y, p{x, y) = 0 otherwise. Put 
r(x) = 1 - f p(x,y)p(dy) (probability that the chain does not leave x in 
a single step). Then the transition kernel of the simulated chain is 

P(x,dy) = p(x,y)p(dy) + r(x)Sx(dy). (1.27) 
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The detailed balance condition 

A^)p{x, y) = 7r(y)p(y, x), x,y G E 

is fulfilled which implies reversibility, it follows that tt is an invariant 
distribution for the chain Y. 

Example 1.20 Let E = , fj, = i/^ be the Lebesgue measure and f 

a probability density on E. If Z is simulated from the distribution f 
and Y = x + Z, then the proposal density is q{x,y) = f{y — x) and 
Q is a kernel of a random walk. Therefore it is called the Metropolis 
random walk algorithm. In the case of symmetry (i.e., fix) = fi-x) 
for all X 6 it holds a{x,y) = therefore a candidate 

with 7r(y) > 7r(a:) is always accepted. 

Example 1.21 The Langevin-Hastings variant of the algorithm makes 
use of the information from the gradient of the density II of the target 
distribution. In E = ^ it is e.g. 

q{x,y) = (27r)“2cr“‘'exp - a; - aVadlogn(a;)/2|p^ . 

1.2.3 Point estimation 

In this subsection, some notions from the statistical estimation theory 
will be recalled (see [66]). 

Let an experiment {X, A, V) be given, where X is the sample space, 
A a a-algebra on X and V = {P$ : 0 € 0} a parametric system of 
probability measures on A, the parameter space 0 being a Pohsh space. 
A random observable X is taking values on X according to the distri- 
bution Pe, a realization x of A is called data. A standard example is 
when are i.i.d. random variables, A" = K” . In spatial 

statistics, however, observations are typically dependent. 

Let r : 0 -4- E be a function of the parameter d. An estimator of t{6) 
is a measurable function e : X -y R. The quality of an estimator e is 
measured by its risk function 

Risk(0,e) = EflLoss{0, e(A')), 

where Loss : 0 x E — 1 E is the loss function and denotes the expecta- 
tion with respect to P$, d G Q. The bias of e is given by E^e(X) — t{6); 
we say that e is an unbiased estimator of t{6) if 



Eee(X) = T{d), dee. 



(1.28) 
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In the following we consider the quadratic loss function 

Loss(0, y) = (r{0) - yf. (1.29) 

Then, if e is unbiased we have 

Risk(0,e) = Ee{T{6) - e{X)f = varee(X). 

An unbiased estimator e is a uniformly best unbiased estimator (UBUE) 
of t{6) if 

vax^e<var^e, 0 6 0, (1.30) 

for any unbiased estimator e of r(0). Thus a UBUE minimizes the risk 
for all values 6 (uniformly) among unbiased estimators. 

Let T be a Pohsh space. A measurable function T : X -¥ T is called 
a sufficient statistic for the parameter 6 if the conditional distribution 
Pg under the condition T = t is independent of the parameter 9. 

In the dominated case (i.e., if the distributions Pg are absolutely con- 
tinuous with respect to some rr-finite measure), the property of suffi- 
ciency can be expressed by means of densities. 

Theorem 1.22 ([66]) Let the probability distributions Pg have densi- 
ties on X with respect to a o -finite measure A statistic T : 

X -yT CW is sufficient for 6 if and only if there exists a nonnega- 
tive measurable function g : Q x T -> R and a nonnegative measurable 
function h : X -yR (independent of 9) such that 

mx)=g(9,T{x))-hix) (1.31) 

for all 9 € @ and for almost all x € X. 

Further, a statistic T : X -yp is complete if the following implication 
holds: If u is a real measurable function on T such that Egv{T) — 0 for 
any 0 6 0, then v{t) = 0 almost surely with respect to all distributions 
PeT~K 

Theorem 1.23 (Rao-Blackwell) Let the experiment {X,A,V) be 
given, r{9) be a real parameter function on 0 and let T be a sufficient 
statistic for 9. If e is an arbitrary unbiased estimator ofr{9) and T is 
complete then 

e{T) := E(,[e | Tj (1.32) 

is a UBUE ofr{9). The estimator e[T) is uniquelly determined a.s. in 
the following sense: ife is any unbiased estimator ofrifi) with vaige = 
wax ge{T) for any 0 6 0, then e - e(T) Pg-almost surely for any 0 6 0. 
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Remark 1.1. In view of the uniqueness assertion, we shall speak about 
the UBUE estimator of a parameter function t{6) if the uniqueness a.s. 
in the sense as described in the end of Theorem 1.23 holds. 

The density f{d,x) of P$ (cf. Theorem 1.22) taken for fixed x as a 
function of variable 6 € @ enables us to define the likelihood function 
as £(x I d) = f{6,x). Its maximum with respect to 0 6 0 is called the 
maximum likelihood estimator of d. Given the data x = (xi, . . . , x„) 
corresponding to a random sample X from X, the likelihood function is 
factorized as 

£(x I 0) = JJg(^,Xi), 

q being the marginal densities of /. 

In Bayesian statistics, the parameter 6 is considered as a random 
variable with prior distribution p{6)i/{d6), where jv is a fixed reference 
Borel measure on 0. Assume that data x have been observed. The 
posterior distribution is then the conditional distribution of 6 given 
X = X and the Bayes estimator of t{6) is any number e®(x) which 
mi nimi z es (with respect to e(x)) the posterior risk E[Loss(fl,e(x)) j x] 
(this expectation is taken with respect to the prior distribution). For 
the quadratic loss function (1.29), the Bayes estimator is the posterior 
mean e»(x) = E[r(0)|x]. 

Let £(x I 6) be the likelihood function and p{0) a prior density. The 
Bayes theorem yields the posterior density in the form 

TctO I rl - I ^)P(^) 

fC{x\9')p{e')u{der 

briefly it[6 \ x) <x £{x ) 6)p{6). 

Statistical inference based on the posterior distribution requires eval- 
uation of integrals f r(0)£(x | 0)p(0)i/(d0). Besides direct methods, the 
MCMC approach (cf. Subsection 1.2.2) consists in an indirect evalua- 
tion based on the simulation of the posterior. E.g., the posterior mean 
of r{0) is estimated from 



1 

Et{0 I x) « — 5^T(0i), 

Tn *rr 
1=1 

where (6j) is the generated Markov chain. For further applications, see 
[34]. 

In the large sample theory, the sample X and estimator e = e(X) are 
considered as functions of the sample size n. Such a sequence (e„) of 
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estimators of t{9) is said to be consistent if 

Gn ^ t { 0 ), n-¥ oo, ( 1 . 33 ) 

for every 0 E 0. The sequence (e„) is said to be strongly consistent if 
almost sure convergence takes place in (1.33) instead of convergence in 
probability. A sequence of Bayes estimators (e^) is called consistent if 
condition (1.33) holds for p(^)— almost all 0 € 0. 

One often speaks about the (strong) consistency of a single estimator 
if its dependence on the size of data (n) is clear. Finally consider 0 C M** . 

Lemma 1.24 Let (e„) be a sequence of estimators ofOE& with risk 
function 

Risk(0,en) =Ee || e„ |p . 

If 

lim Risk(0, Cn) = 0 (1-34) 

n-^oo 

for all 0 6 0, then (e„) is consistent, as well as the sequence (e®) of 
Bayes estimators with the same risk function. 

Proof. The first assertion follows from the fact that convergence in 
probability is implied by the X^-convergence. From (1.34) we have 

0<y EflLoss(0,e®(X))p(d0) < J EoLoss(0, e„(X))p(d0) — > 0 

when n — >• oo, therefore lim,i_+oo Risk(0, e®) = 0 p(0)— almost surely and 
the second assertion follows analogously to the first one. □ 

Lemma 1.25 Let Q cWl be a compact parametric space and (e„) E Q a 
consistent sequence of estimators of the parameter 9 . Then (1.34) holds. 

Proof. By the compactness, 

\\en-9f ( 1 . 35 ) 

is uniformly bounded by a constant M > 0. Since e„ ^ 0 in probabil- 
ity, following the proof of the Lebesgue dominated convergence theorem 
applied to the random variable (1.35), the assertion follows. □ 
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RANDOM MEASURES AND POINT PROCESSES 



The purpose of this chapter is to survey basic facts about point pro- 
cesses, processes of particles and associated random measures which will 
be needed in the following chapters. The basic notion is that of a random 
measure, a point process is a particular case of a random measure which 
takes only integer values. This approach is rather unusual when dealing 
with point processes on the real line, where we frequently interpret the 
point process as a special case of a random function (a piecewise constant 
function with jumps at the points of the process). In higher dimension 
such an interpretation is no more possible. One can consider a point 
process either as a locally finite collection of points (i.e., a special ran- 
dom set), or as an integer valued random measure (measure with atoms 
at the points of the process). Whereas the first approach seems to be 
more illustrative and simpler, the second one has many technical advan- 
tages when using the additivity of measures. We shall prefer the second 
approach but we shall use the convention to interpret a point process 
simultaneously as a collection of particles if this is more advantageous. 

An outstandingly important tool in connection with point processes 
and random measures is that of local conditioning known as the Palm 
theory; we refer here namely to the monographs by Kallenberg [57], 
Kerstan, Matthess and Mecke [60] and Daley and Vere-Jones [23]. Local 
conditioning is, in fact, a special kind of disintegration. 

Throughout the book, random structures generated as union sets of 
processes of “particles” (which may be convex bodies, fibres, lines, flats 
etc.) are considered. This chapter provides the necessary background for 
these objects. The concepts of stationarity and isotropy are extremely 
important here. 
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Besides of the references given above, we mention the monographs by 
Stoyan, Kendall and Mecke [109] and Schneider and Weil [103] as basic 
reference sources on random measures and point processes. 

2.1. Basic definitions 

Throughout this section, (X, p) is a Polish space which is locally com- 
pact, i.e., to each x €. X there exists a neighbourhood with a compact 
closure, and B = B(X) is the Borel a-algebra on X. We denote by 
JF — ^(X), JC = X(X) the system of all closed, compact subsets of X, 
respectively. 

A measure p on (X, B(X)) is said to be locally finite if it is finite on 
bounded Borel sets. By At = At(X) we denote the set of all locally 
finite measures on (X, B). Further denote 

AT = AfiX) ^{peM: p{B) e N U {0, 00 } for each B^B] (2.1) 

the set of all locally finite integer-valued measures. 

Let 971 be the smallest a-algebra on A4 with respect to which the 
function p )->■ p{B) is measurable for all B E B. Further, let 91 be the 
trace of 971 on M, i.e., 9t = {M D jV : M G 9H}. 

We say that a sequence pn € A4 of measures converges vaguely to 
p E A4 if f f dpn -A f f dp for each continuous function / with compact 
support. 

The following result can be found e.g. in [23, Theorem A.2.6]. 

Theorem 2.1 The space AA. with the topology of vague convergence is 
a Polish space and its Borel a-algebra coincides with 97T. 

Deeinition 2.2 Let (il, A, Pr) be a probability space. A random mea- 
sure on X is a measurable mapping 

^ : {n,A,Pr) (Af,97l). 

A point process on X is a measurable mapping 

$ : {n,A,Pv) (^, 91 ). 

The probability measure is the distribution of the ran- 

dom measure T' (point process and the measure A(-) = E^(-) (A(-) — 
E$(-)J is called the intensity measure of '!> (^, respectively). The point 
process # is simple if Pr[$ € A"*] = 1, where 

Af* — {u G Af : e({o;}) < 1 for each x E X}. (2.2) 

Note that the intensity measure A need not be locally finite in general. 
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Let us call a set S C X locally finite if its intersection with an arbitrary 
bounded set is finite. 

Remark 2.1. It is clear that almost all realizations of a simple point 
process # are characterized by their support supp $ which is a locally 
finite subset of X. Therefore, simple point processes are often inter- 
preted as locally finite random subsets of X. We shall sometimes use 
this interpretation and write e.g. “x € instead of > 0” or 

= 1 ”. 

Theorem 2.3 ([23, Propositions 7.1.11,111]) For each v e H the 
support suppp is a locally finite subset ofX. Further, ff* € 01 and 
V hA suppp is a one-to-one mapping off/* onto the set of all locally 
finite subsets of X. 

We shall demonstrate now the connection between simple point proces- 
ses and random sets. 

Definition 2.4 A random closed set in X is a measurable mapping 

where the a-algebra ^(X) on f(X) is generated by all families = 
{F &T{X)-.FC\K = (lli], K&KL. 

It can be shown that the family of locally finite sets in X belongs to 
^{X) (cf. Exercise 2.11). 

Theorem 2.5 If ^ is a point process on X then supp$ is a random 
closed set. On the other hand, if H is a locally finite random closed set 
in X (i.e., a random closed set in X such that E{u) is locally finite for 
any cu 6 fij then $(•) = card(S fl •) is a simple point process on X. 

Proof. It is enough to verify the measurability of the mapping u i-4 
supp 1 / from f/* to {F € IF : F locally finite] and of its inverse, which is 
left to the reader as an exercise. □ 

Theorem 2.6 (Choquet, MATHERON) The distribution of a random 
closed set H is uniquelly determined by the probabilities Pr[S n = 0], 

kgK. 

Proof. Note that the system : K € )C) is closed under finite 
intersections. The result follows from the well known fact that a proba- 
bility measure is uniquely determined by its values on a generator closed 
w.r.t. finite intersections. □ 
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Corollary 2.7 The distribution of a simple point process $ is uniquely 
determined by the “void probabilities” Pr[$(if) = 0], if e K,. 

Definition 2.8 Let ^ be a random measure on (X, p) with distribution 
P and k £N. The measure 

Mfc(.)=E^^(.) = I p'^{-)P{dp) 

on is called the moment measure of k-th order of Spe- 

cially Ml = A is the intensity measure of If ^ is a point process and 
k>2 we define also the factorial moment measure of k-th order 

afc(-) =y 

where restriction of to the set 

= {(a?i, • ..,Xk)€X’^:xi^ Xj for i ^ j} 
of all k-tuples of points ofX with pairwise different coordinates. 

Remark 2.2. For two Borel sets A, B C X we can write 
M2(A X 5) = E^(A)^(B) 
and if $ is a simple point process then 

MiiA xB) = E E lA(a?)ls(y) 

x,yEi 

and 

a2(A X B) = E 1^(x)1b(j/), 

x,y€^ 

x^y 

using the convention explained in Remark 2.1. 

Exercise 2.9 Verify the measurability of the mapping in the proof of 
Theorem 2.5. 

Exercise 2.10 Show that the families 

=.{F€y^{X) : FOB = $} 

and 

FB^{FeF{X): FnB^m} 
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Exercise 2.11 Show that the family of locally finite subsets of X be- 
longs to d{x). Hint: Fix a bounded set B C X, k € N, and show that 
J^B,k = {F € :F : card < k} € ^{X). To this end, use a sequence 

[AmB, 6 N) of refining partitions of B into relatively compact sets with 
diameters tending to 0 as n oo, and use the representation 

00 

XB,k = f| {F e JF ; card {A 6 : F n A ^ 0} < fc}. 

n=l 

Exercise 2.12 Show that for any nonnegative measurable function f 
on X^, 

j j f{x,y)M 2 {d{x,y)) = j J f{x,y)a 2 {d{x,y)) + j f{x,x)A{dx). 

Exercise 2.13 Show that var^(B) = M 2 (B x B) - (A(B))^, B eB. 

2.2. Palm distributions 

Theorem 2.14 (Campbell) Let be a random measure on X with 
distribution P and a locally finite intensity measure A. Then 

E f f{x)'^{dx) = f f f{x)p{dx)P{dp.) = [ f{x)A{dx) (2.3) 
Jx Jm Jx Jx 

for an arbitrary nonnegative measurable function f on X. More gener- 
ally, for k E N and for any nonnegative measurable function f on Xk 
we have 

E [ ■■• f f{xi , . . . , rrA:)^(da:i) • • • ^(drc*) 

Jx Jx 

= / f{xi,...,Xk)Mk{dxi,...,dxk). (2.4) 

Jxk 

Proof. If / is the characteristic function of a measurable set then the 
results follow directly from the definitions. For nonnegative measurable 
functions, we can use the standard approximation by simple functions 
(see also [120, Theorem 5.2]). □ 

Definition 2.15 Let be a random measure on X with distribution P 
and intensity measure A. The Campbell measure C corresponding to '1^ 
is a measure on X x defined by 

[ f{x,F)C{d{x,p))= [ [ f{x,p)ii{dx)P{dp), 

JxxM Jm Jx 
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where f is an arbitrary nonnegative measurable function on X y- Ad. 

Note that the Campbell measure C can also be characterized by the 
property 

where A is a bounded Borel subset of X and U a measurable subset of 

M. 

An important tool in the theory of random measures and point pro- 
cesses are the Palm distributions which are, in fact, certain types of 
conditional distributions. They are defined by means of a disintegration 
of the Campbell measure as expressed in the following theorem (for its 
proof see e.g. [23, Property 12.1. IV]). 

Theorem 2.16 Let ^ be a random measure on X with distribution P 
and a locally finite intensity measure A. Then there exists a probability 
kernel x Px from {X, B) to (A4, such that 

f f f{x,p)pidx)P{dp,)= f f f{x,p)Px{diJ.)A{dx) (2.5) 
Jm Jx Jx Jm 

for an arbitrary nonnegative measurable function f on X x M. If 
(Pi-xe X) is another probability kernel satisfying (2.5) then for any 
measurable set U C Ad, 

Px{fd) = P'x{U) for A almost all x €: X. 

The distribution Px is called the Palm distribution of the random measure 
at the point x € X. 

Remark 2.3. In fact, it has no sense to speak about the Palm distri- 
bution Px in one particular point x since this can be defined arbitrarily. 
The uniqueness assertion from Theorem 2.16 nevertheless assures that 
the family {Px : x € Jf} is uniquely determined for A-almost all x. 

Let {Px : X G be the Palm distributions of the random measure 
'I'. We shall sometimes use the notation Pr^; for the Palm (conditional) 
probability, which is formally defined as 

Pr^[$ G-] = P,(-). 

Analogously, we shall write for the expectation with respect to the 
Palm distribution at x. 

In the case of a point process $, the Palm distribution Px can be 
interpreted as the conditional distribution of $ under condition x € $ 
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(see [109, §4.4] or [57, Theorem 12.8]). In particular, the Campbell 
measure C of a point process $ is concentrated on the set 

{(x, v) eX xM i>{x} > 1}. 

Therefore, the following definition makes sense. 



Definition 2.17 If ^ is a point process the reduced Campbell measure 
C' is defined as 

[ f{x,i^)C'{d{x,u))= [ f f{x,p-6x)u{dx)P{dfi), 

JxxM JmJx 

where f is an arbitrary measurable function on X x Jf. The reduced 
Palm distributions P'^ of $ (x E X) are then defined again by means of 
the disintegration 

[ f{x,u)C'{d{x,iy))= [ [ f{x,v)Pi{du)A{dx). (2.6) 

J Jx Jm 



Sometimes, Palm distributions of higher order are needed. These can 
be interpreted, in the case of a point process, as conditional distribu- 
tions under condition that a given finite number of points belong to the 
process. The formal definition is based again on the Campbell measure, 
now of a higher order. 

Let ^ be a random measure on X with distribution P and an intensity 
measure A and let A: be a natural number. The Campbell measure Ck of 
order k corresponding to ^ is a measure on X^ x Ad defined by 



L 



Xi^xM 



/(xi, . . . , Xfc, /x)Cfc(d(xi, ...,Xk,fi)) 



= [ f ■ f f{xi,...,Xk,fi)p{dxi)---fj,{dxk)Pidfj,), (2.7) 

Jm Jx Jx 

where / is an arbitrary nonnegative measurable function on X^ x Ai. 
Assume now that the k-th. moment measure Mjt of ^ is locally finite. 
The Palm distributions of order k are defined as a probability kernel 






from(A■^B^Mfc) to (A4,9Jl): 



j /(xi, . . . , Xfc, i/)C'fe(d(xi, . . . , Xi, u)) 

= / / /(x,i/)Pxi,...,x*(di/)Mfc(d(xi,...,Xfc)). 

Jm 



( 2 . 8 ) 
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If$ is a point process, the reduced Campbell measure of order k, Cl, is 
given by 



/ f(xi, u)Cl.(d(xi,. ..,Xk, u)) 

Jxi^xM 

~ I I ‘ ‘ ‘ I ^ (®1) ■ • • ) ~ (<^ii “h * ■ ■ "h ^Xk)) 

Jm Jx Jx 

p{dxi)---p{dxk)P(dp), ( 2 . 9 ) 



and the reduced Palm distributions of order k, are determined 

by 



J f(xi, ...,Xk, Ai)C'].(d(a;i, ...,Xk, p)) 

= f f fi^u---,Xk,p)Pxi,...,xki^liWk{d{xu---',Xk)).(2.10) 

Jx'’ Jm 

Exercise 2.18 Let $ = Sz^ be the point process in gener- 
ated by n independent identically distributed random vectors Zi,... , Zn- 
Show that the Palm distribution of ^ at x is that of Sx + • 



2.3. Poisson process 

The most familiar model of a point process is the Poisson process 
which is introduced in analogy to the commonly known one-dimensional 
case (Jf = M). The basic property of the Poisson process is the mutual 
independence of its behavior in disjoint domains. 

Definition 2.19 Let Abe a locally finite measure on a Polish space X, 
Bo the system of bounded Borel subsets ofX. A point process ^ on X 
such that 

1) for any n € N and 6 Bq disjoint, the random variables 

are independent, 

2) ^(B) has the Poisson distribution with parameter A{B)for any B G 

Bo, 

is called the Poisson process on X with intensity measure A. 

The existence and uniqueness of the Poisson process follows from gen- 
eral existence and uniqueness results on random measures, see [23, The- 
orems 6.2.IV, 6.2. VII]. 



Remark 2.4. It can be shown that if the intensity measure A is diffuse 
(i.e., if it has no atoms) then the corresponding Poisson process is simple. 
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see [23, §7.2]. According to Corollary 2.7, $ is in this case also uniquely 
determined by the condition of being simple and the property 

Pr[^{K) = 0] = K^K. (2.11) 

One can show directly from the definition that the factorial moment 
measures of a Poisson process are product measures, i.e., 

a„ = A". (2.12) 

As a consequence one gets the following le mm a which will be used later 
on. The proof follows from Theorem 2.14, Exercise 2.12 and (2.12). 

Lemma 2.20 ([82, Lemma 2]) Let^ be a stationary Poisson point pro- 
cess on a Polish space X with intensity measure A. Denote F(^) = 
f /(x)$(dx), G($) = f g(x)^(dx)for nonnegative measurable functions 
f,g on X. Then 

cov(F($),G($)) = J f{x)g{x)A{dx). 

An important property of the Poisson process is that its reduced 
Palm distribution coincides with its ordinary distribution. This fact 
is known as the Slyvniak theorem, see e.g. [109, §4.4.6] or [23, Propo- 
sition. 12.1. VI]. Recall that * denotes the convolution of measures, cf. 
( 1 - 2 ). 

Theorem 2.21 (Slyvniak) If P is the distribution of a Poisson point 
process on X with locally finite intensity measure then 

Px = P* equivalently = P, (2.13) 

for A-almost all x € X. 

Let be a random measure on X with distribution Q. A point process 
$ on X is called a Cox process with driving measure ^ if conditionally 
on ^ ^ it is a Poisson process with intensity measure xp. In other 

words, the distribution of the Cox process $ is 

P = I P^Q(dA), 

where P^ is the distribution of a Poisson process with intensity A, Of 
course, the Cox process does not retain the independence property of 
the Poisson process. The most common example is the Cox process in 
with driving measure Zu^, where Z is a positive random variable. 
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Exercise 2.22 Show that 02 = A x A/or the Poisson point process. 

Exercise 2.23 Let ^ be a Poisson process (not necessary stationary) 
on a Polish space X with the intensity measure A. Letf be a measurable 
function on X. Show that then 

=exp{ f - 1) A(dif)}. (2.14) 

Hint: Start with the functions of the form f — where Qj > 0 

and the Uj ’s are pairwise disjoint Borel subsets ofX. 

Exercise 2.24 Show that the void probabilities of the Cox process are 
Pr[$(S) = 0] = Eexp(-A(5)). 

Exercise 2.25 Let be the Cox process with driving measure of 
distribution Q and with locally finite intensity measure E'J'. Then the 
Palm distributions o/$ are the mixtures 

Px = I {P^*6sjQAdA), 

i.e., Px is the distribution of a Cox process with driving measure Qx (the 
Palm distribution ofQ at x). 



2.4. Finite point processes 

Let X C be a Borel set, p a measure on 13 (X) with p(X) < 
oo and P the distribution of a Poisson point process with intensity 
measure p. Using Definition 2.19 and Exercise 2.29, we can write the 
distribution P in the following way. Let U G be a set of (finite) 

point configurations in X 



P(U) - Pr[$'£W] 

OO 

= Pr[$'(X) = n] Pr[$' 6 U \ $'(X) = n] 



71=0 

OO 



= e 



n=0 

-/i(X) 



2 ^® „! J^--- J^M{xu-,xn)eu] 



p{dxi) p{dxn) 



p{X) ••• p[X) 

OO 1 /* f* 

+ •■•/ iu{{xu...,xr.}) ( 2 . 15 ) 

n=l 



p{dxi) . . . p{dxn)y 

A point process $ has density q on M{X) with respect to P if 

Pr($ eu)= f q{(f)]P{d(j)). 

Ju 
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A sufficient condition for the integrability of a nonnegative function h 
on M with respect to P is its local stability, i.e., existence of a constant 
X € M+ such that for all (j) G a: € X it holds 

h{<f) U {a:}) < Kh{(f)). 

Example 2.26 Let h{<f>) — far a constant b > 0 . It holds h{<f> U 
{a;}) < bh{(j>), hence h is P-integrable and using (2.15) we obtain 

[ = E exp(-^(X)) = exp[(6 - l)p(X)] 

Si "■ 

which is the normalizing constant for h to become a probability density. 
The distribution of the corresponding point process is 

Pr[^€U] = . . . ,Xn}) 

n=l 

(6/Lt)(da:i)...(6/i)(da;„)), 

i. e., $ is a Poisson point process with intensity measure bp,. 



Example 2.27 A frequent case is that X is bounded and p — v^ is the 
Lebesgue measure. Let g be a measurable function on X. Then 

= n 



is locally stable if and only if g is bounded. In such a case we have 

f h[(f>)P{d(t>) ^ f ■■■ fH 9{xi)dxi . . . da;n 

i=l 

^ n! 

n=0 

= exp + j 5(a;)dx^ , 



thus 



q{<f>) = exp(jv{X))exp f 9(a;)da;') JJ g{xi) (2.16) 

^ ' xi£4> 



is a probability density on M{X). Since 



Ju 

So"'-' ■' 



..g{Xn)dXn, 
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q is a density of a Poisson point process with intensity function (density 
of intensity measure w.r.t. Lebesgue measure) g{x). 

Example 2.28 The processes in Examples 2.26 and 2.27 are still of 
Poisson type, they do not exhibit interactions among points. A simple 
model with interactions, widely discussed in the literature, is the Strauss 
process with density 

?(</>) = (2.17) 

where a,b, R > 0, 0 < 7 < 1 are parameters and 

i<j 

For 7 = 1 jY is a Poisson process, for 7 < 1 there are repulsive in- 
teractions. The limiting case 'y — 0 is called a hard-core process, with 
probability one there do not appear pairs of points with distance less than 
R. The Strauss process belongs to a large class of Markov point processes 
[115] which are intensively studied. 

Exercise 2.29 Show that the conditional distribution of a Poisson pro- 
cess ^ on X with finite intensity measure p under condition = n 

is that of a binomial distribution of n i.i.d. points in X with distribution 
p/p{X). Hint: The distribution of a point process (random measure) is 
determined by its finite dimensional distributions of numbers of points 
in pairvise disjoint sets (see [23, Proposition 6.2.111]). Let k eN and let 
Ai,...,Akbe k pairwise disjoint Borel subsets ofX. Let j\, . . . ,jk be 

nonnegative integers with j\-\ \rjk < tl and denote jk-yi = 

Ak+i = X\\Jl,A j. Then, by using the Poisson property (Defini- 
tion 2.19), show that 

Pr [^(Ai) = ji, . . . , ^(Ak) = jk I m) = n] 

= (Pr[$(X) - n])-i Pr[#( 2 li) = ji, . . . , = jk^i] 




Exercise 2.30 Show that for 7 > 1 the function q in (2.17) is not 
integrable and thus cannot serve as a probability density. 

2.5. Stationary random measures on 

Let W be a random measure on . We shall denote for brevity = 
Af(M*^), SJl'* = fflt(R‘^). For z E^, let tg denote the corresponding shift 
operator on defined by 

tgp(B) = p(B - z), BeBA 
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The random measure ^ is called stationary if its distribution is shift 
invariant, i.e., iff^^ has the same distribution as ^ for any 2 : G 

Further, given a rotation p G SO(d), we define the corresponding 
rotation operator Vp on by 

rpp{B)=p{p-^B), BeB'^. (2.18) 

The random measure W is called isotropic if its distribution is invariant 
under Tp for any p G SO(rf). 

A well-known measure -theoretic fact implies that if the intensity mea- 
sure A of a stationary random measure is locally finite then it is a 
multiple of the Lebesgue measure, say A = The constant A > 0 is 
called the intensity of the stationary random measure 

The stationarity implies obviously the shift covariance of the Pahn 
distributions. The following theorem presents a possible choice of the 
Palm distributions for a stationary random measure. 

Theorem 2.31 A stationary random measure ^ on with intensity 
A > 0 has Palm distributions 

Po{U) = (Ai.d{A))-'E [ lw(f_^^)^(da:), 

JA 

Px{U) = Po{t-^U), sgK^, 

where A is an arbitrary Borel set in K** with positive and finite Lebesgue 
measure. 

To prove the theorem, one has to verify that the family of distributions 
{Px ■ X G K**) satisfies (2.5), see also [23, Theorem 12.2.II]. 

Theorem 2.31 provides an explicit formula for calculating the Palm 
distribution at the origin. Whenever talking about the Palm distribution 
Po at the origin of a stationary random measure, we shall always mean 
by this that Pj. = Pq*® a? G K**, is a family of Palm distributions of the 
random measure. 

Some further characteristics are often used for stationary random mea- 
sures. The reduced second moment measure K, is defined by 

)C{B) = A-^ j p{B \ {0})Po(dM), B G Bo. (2.19) 

Note that if, in particular, $ is a point process we have 

/C(B) = A-' I p{B)PUdp), B G Bo. 
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If there exists a density p of K w.r.t. i/j, p is called the pair correlation 
function. The K-function is defined by 

K{r) = ICiBr), r > 0. (2.20) 

If $ is a stationary point process and Pj, the reduced Palm distribution 
it holds 



a2{AxB) = Ej]l^(x)${P\{a:}) 

= \ f [ p{B)PUdp)dx 
JaJn 

= ( K{B-x)dx, 

Ja 

A, Be Bo. Thus in the stationary case the second order moment mea- 
sures can be expressed by means of A and fC. 

Consider again a stationary random measure ^ with intensity A. If 

0 ^ B we can write by using Theorem 2.31 

with an arbitrary bounded Borel set A of positive Lebesgue measure. 

Let now , $2 be two stationary random measures with intensities 
Ai, A 2 , respectively. Assume that ^ 1 , ^2 jointly stationary, i.e., that 
the joint distribution of is the same as that of (^ 1 , ^ 2)1 for 

any shift 2 : G In analogy to (2.21), we define the cross correlation 
measure K,ifi of ^1 and ^2 as 

(the set A is as above), cf. [110, 111]. The cross-correlation function 
Pi, 2 ( 2 ^) of and ^2 is then the density of K,\p, w.r.t. Lebesgue measure 

(if it exists). 

Remark 2 . 5 . If two random measures ^'1,^2 are independent, their 
cross-correlation measure is the Lebesgue measure and, hence, pi^2(ai) = 

1 for (almost) all a; 6 

Exercise 2.32 Show that the pair correlation function of a stationary 
Poisson process is p(x) = I, x E If is a stationary Cox process with 
driving measure Zv^ (i.e., a stationary “Poisson” process with random 




Random measures and point processes 



35 



intensity Z), its intensity is EZ and pair correlation function is again 
constant, p{x) = EZV(EZ)2, x€W^. 

Exercise 2.33 Let Y = {y(x), x 6 be a stationary Gaussian 
random field (almost surely continuous) with mean p,, variance and 
correlation function r(a;). The Cox process with driving measure ^{B) = 
/gexp(y(a:))da: is called a log-Gaussian Cox process (LGCP). Show that 
the n—th factorial measure of a LGCP ^ has a density called 
a product density) w.r.t. of form 

= Eexp(y(a;i) + • • • + y(a:n))- 

The distribution of a LGCP is determined by the intensity A = exp{p + 
and the pair correlation function p{x) -* exp(cr^r(a:)). (Hint: Use 
Corollary 2.7.) 

Exercise 2.34 Show that any two jointly stationary random measures 
in with intensities Ai, A2 fulfill 

E$i(A)^ 2 ( 5 ) = AiA2 f ICi, 2 {B~x)dx = XiX2 [ IC 2 ,i{A~y)dy 
Ja Jb 

for any A,B 6 Further, if the cross-correlation functions p\fi and 
P2,i exist they are symmetric in the sense that 

P\,2{z) = P2,i{-z) for a.a. 2 6 R^, 



cf [110]. 

2.6. Application of point processes in 
epidemiology 

The aim of statistical disease mapping is to characterize the spatial 
variation of cases of a disease and to study connections with covari- 
ates. In the present example tick-home encephalitis (TBE), an infection 
illness which is transmitted by parasitic ticks and which occasionally 
afflicts humans, is a disease in question. Epidemiologists and medical 
practitioners making decision on prophylactic measures deal with the 
problem of estimating the risk that a human gets infected by TBE at 
a specific location. Usually the data for statistical analysis consist of 
case locations and a population map. Moreover, explanatory variables 
of geographical nature which may influence the risk of infection are often 
given from geographical information systems. 

The data were collected by Zeman [127]. A point pattern of locations 
of 446 reported cases of TBE in Central Bohemia (region denoted by 
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S in the following) during 1971-93 is available, see Fig. 2.1. Different 
covariates are considered; the locations of forests of areas between 10-50 
and 50-150 ha, respectively, the subareas of three different forest types 
(conifer, foliate, and mixed forest) and a map of altitudes. 

Finally, population data for the Central Bohemia consist of the num- 
ber of inhabitants in 3582 administrative units. 

The modelling of the TBE data in [7] is motivated by the following 
simplifying considerations. In the observation period 1971-93 a number 
m= 1, 112, 717 of inhabitants are living at home locations hi, , hm G 
S, and the i-th person makes a number N{ of visits to the surroundings 
of hi. The iVj’s are assumed to be independent and Poisson distributed 
with mean A > 0 independent of i. Given the Ni, the location of each 
visit of the ith person is distributed according to some density gh^ (with 
respect to U 2 ), and the locations of visits of all persons are assumed 
to be independent. For a visit to a location s € S, there is associated 
a probability 7t(5) for getting an infection during the visit. The point 
process of locations where persons have been infected (cases) is then a 
Poisson process with intensity function 

A(s) = p(s)7t(5), s G S, (2.23) 

where p(s) = A 9 hi{s) is the background intensity of humans visiting 
3 . We model tt in (2.23) by a log linear model, 

7t(s) = exp [0^d{s] + Y {s)) , (2.24) 

where Y (s) is a zero-mean Gaussian process, = (/3b, . . . , /3e)^ is a 
regression parameter, and d{s) = (1, di(5), . . . , d6(s))^. Here /Qo is an 
intercept, and di{s), . . . ,d^{s) are six covariates associated with the lo- 
cation 3 E S, where the index corresponds to the following; 

1 ~ forest 10-50 ha, 2 ~ forest 50-150 ha, 3 ~ conifer forest, 

4 ~ mixed forest, 5 ~ foliate forest, 6 ~ altitude. 

Here di,. .. ,dz are 0-1 functions (equal to 1 in the case of presence of 
the characteristics). The role of exp(y(s)) is partly to model deviations 
of p{s)/p{s) from one, p being an estimator of unknown p. Therefore we 
do not constrain (2.24) to be less than one, actually, A is absorbed in 
exp(/9o)- Then7r(5) is more precisely a relative risk function. 

The process Y is assumed to be second-order stationary and isotropic 
with exponential covariance function, i.e., 

cov(y(si),y(s2)) =c(llsi-S2ll;o-^,a) = a^exp(-jlsi-S2ll/a), (2.25) 
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where <7^ > 0 is the variance and a > 0 is the correlation parameter. 
A log-Gaussian Cox process is then obtained by assuming that condi- 
tionally on y = (y{a))ag 5 and 6 = (j3,(T,a), the cases $ form a Poisson 
process with intensity function p(s)7r(s). 

A hierarchical Bayesian approach is adapted (cf. [34]). The Gaussian 
distribution for Y is viewed as a prior and the conditional distribution of 
$ given (y,0) as the likelihood. Furthermore, a hyper prior density p(0) 
for 0 is imposed; specific hyper priors are considered. The likelihood 

L{x\Y, 0) = exp (u 2 {S) - j p{a) exp {0^ d{s) + K (a)) da^ x 

np(0exp(/3M0 + ^(e)) (2.26) 

is derived from the density with respect to the unit rate Poisson process 
on S, cf. (2.16). 

The posterior, that is, the conditional distribution of {Y,6) given 
^ = (j), can be specified as follows. Suppose that p{$) is proper and let 
Ea denote expectation conditionally on 0. For n > 1 and pairwise dis- 
tinct ai, . . . , a„ 6 5, let ..,*„)(• | 0) denote the conditional density of 
(y (ai), . . . , y (sn)) given 0. The posterior density of (y (ai), . . . , y (a^), 0) 
given $ = is defined by 

f{su...,s„)ivu • • ■,yn,0\x) oc (2.27) 

Ee[C{x\Y,/3)\Y{3i) = ,Y{sn) = yn]/(si,...,a„){yi, • ■ • , yn\0)p{0)- 

The posterior is then given by the consistent set of finite-dimensional 
posterior distributions with densities of the form (2.27) for n > 1 and 
pairwise distinct ai, . . . ,a„ G S. The integral in (2.26) depends on the 
continuous random field Y which cannot be represented on a computer. 
In practice the integral is approximated by a Riemann sum. The aim 
is an MCMC simulation of the approximate posterior when {ai, . . . , an} 
agrees with , the set of centres of squares of a lattice covering S with 
size M X M. 

The main obstacle is to handle the high dimensional covariance matrix 
of y = {Y{r)))jf^jM . However, the computational cost can be reduced 
very much by employing the circulant embedding technique described in 
[26] and [124]; see also [79]. For the MCMC simulations of (Y,0) given 
$ = ^ a hybrid algorithm as described in [80] was used, where 0, cr, 
and a are updated in turn using so-called truncated Langevin-Hastings 
updates for 0 and standard random walk Metropolis updates for <7 and 
a. Geometric ergodicity is thus achieved. 

The posterior mean of the relative risk function is plotted as a result of 
analysis with A/ = 64, see Fig. 2.1. In [7] several choices of background 
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Figure 2.1. Locations of infection by tick-borne encephalitis in Central Bohemia 
(left). Map of the logarithm of the posterior mean of the relative risk function divided 
by its maximal value (right). The darker grey-level the larger is the risk of infection. 

intensity, which is unknown, are suggested. Model selection is then based 
on posterior predictive distributions. Among covariates it is shown that 
the presence of mixed or foliate forest increases the risk of infection. 

Exercise 2.35 Prove that the above described model leads to a Poisson 
process with intensity function (2.23). 

2.7. Weighted random measures, marked point 
processes 

Let be a random measure in let C be its Campbell measure 
(see Definition 2.15) and let Vk be a locally compact space. Let u; be a 
measurable mapping (weight function) 

w : suppC -¥ W 

(we consider the natural product a-aJgebra on suppC C x M.^). 
Then, we call the tuple a weighted random measure in with 

weight space W. Note that a weighted random measure induces a ran- 
dom measure on the product space R'^ x W: 

X D) = € B : w{x, ^) G D}, 

BgB‘^,D€ B(W). We say that the weighted random measure 
is stationary if ^ is stationary and the weight function is translation 
covariant, i.e., w{x,p) = w{x z,tzij,) for any (x,p,) G suppC and 
2 : G R'^. 

If $ is a point process then the associated weighted random measure 
is called a marked point process with mark space W (this is a special 
case of the usual notion of a mark process, see e.g. [109, §4.2], where 
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the marks may be random and not determined by the point process 
configuration). 

Example 2.36 Let be a random set represented as a locally finite 
union of -smooth curves in such that any two curves intersect 
at most in a finite number of points. Let ^(-) = D ■) be the in- 

duced length measure. Clearly H = supp^ and to any x E S which 
belongs to one curve only we can assign as weight the tangent direction 
iu(x, E Cl of the curve at x, obtaining thus a random weighted mea- 
sure in with weight space Ci- IfB is stationary then the weighted 
random measure is stationary as well. 

Let be a stationary weighted random measure in Due to 

the stationarity, the intensity measure of the induced random measure 
$ on X W' can be disintegrated as 

E^{B X D) = Xud{B)W{D), BeB'^,De B{W), (2.28) 

where A > 0 is the intensity of ^ and VV is a probability measure on W 
called the weight distribution. In case of a marked point process, W is 
usually called the mark distribution. A generalization of (2.28) is the 
Campbell theorem for weighted measures which is represented by the 
formula 

E / /(x,ta(x,^))«'(dx) = A / f /(x,y)W(dy)dx (2.29) 

for any nonnegative measurable function / on x VV. 

For a stationary weighted random measure, the weight distribution 
can be interpreted as the distribution of the weight at a “typical” point. 
Let Pq be the Palm distribution of ^ at the origin and recall that Pro 
denotes the corresponding probability distribution. Then we have 

W{D) = Pro[tu(0,^) e £>] = y lD{w{0,p))Po{dp). 

The two-point weight distribution W^, /i E /i 7 ^ 0, can be introduced 
by means of the second-order Pahn distribution, cf. (2.7), using again 
the notation Pr-^.j, for the second order Palm probability; 

W^(AxI> 2) = Pro,fcKO,^)GDi,u;(/i,$)GD2] (2.30) 

= J lDi{w{0,p))lD2{w{h,p))Po,h{dp) 

for Borel subsets Di,D 2 of W. Alternatively, we can express Wh by 
means of disintegration of the second moment measure of ^ (in the 
following we write shortly w(x) = w(x , .) where possible): 
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Theorem 2.37 Let{^,w) be a weighted random measure and f a non- 
negative measurable function on (M'* X W)"^ . Then 

E j j f{x,w{x),y,w{y))^{dx)'i{dy) 

/ / f{3!,wi,x -t h,W2)yVh{d{wi,W2)))C{dh)dx. 

jR<i Ju<i Jw^ 

Proof. Using (2.7) and the translation invariance of we obtain 



^ J J f(x,w{x),y,wiy))'^{dx)'^(dy) 

= / ^x,yf{x,w{x),y,w{y))M 2 id{x,y)) 

= [ Eo,hf{x,w{0),x-\-h,w{h))M2{d{x,x-\-h)) 

JRdxR'' 

= / / f{x,wux + h,W2)Wh{d{wi,W2))M2{d{x,x + h)) 

VRdxR'^ JWxW 



and the proof is completed by using the disintegration of the second 
moment measure of 

M 2 (d{x, X + h)) = X^IC{dh)dx. 



□ 



Exercise 2.38 Prove formula (2.29) using standard measure-theoretic 
tools. 



2.8. Stationary processes of particles 

In general, we consider “particles” to be nonempty compact subsets 
of Recall that JC is the space of all nonempty compact subsets of 
equipped with the Hausdorff metric dn in (1.7). {1C, du) is a locally 
compact Polish space in which each bounded set is compact (see [43, 
Theorem 9]). 

Under a particle process we thus understand a point process $ on 1C*. 
Its intensity measure A = E$ is a Borel measure on K.'. We will assume 
that it is bounded in the sense 

A{JCb) <00 for all fl e K.', {2.31) 

where K-b = {K e /C' : iC D S ^ 0}. The set 

H= U ^ 



(2.32) 
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is called the union set of the process $ (recall that under if € $ we mean 
that A" is an atom of see Remark 2.1). Condition (2.31) assures that 
this union is locally finite. Thus, S is closed and, verifying the necessary 
measurability properties, one obtains 

Theorem 2.39 The union set of a point process on Kf satisfying (2.31) 
is a random closed set in 

Given z eE*^, let Tz be the shift operator on 

nfi{U) = ii{{K -z:K€ U}), U € (2.33) 

Further, given a rotation p € SO(d), we define the corresponding rotation 
operator i?p on M.{K!) by 

Rpp{U) = p{{p~^K : K € U}), U G (2.34) 

Deeinition 2.40 A point process on K,' is stationary if its distribution 
is invariant under Tg for each ^ G E** , and isotropic if its distribution is 
invariant under Rpfor any p G SO(d). 

The intensity measure of a stationary particle process can be disinte- 
grated in the following way. For K G K' , let c{K) G E^ denote a 
(uniquely defined) reference point of a compact set K. We can choose 
e.g. c{K) as the minimum point in K with respect to the lexicographic 
order; in fact, the mapping c : /C^ — 1 E* can be chosen arbitrarily with 
the properties of measurability and shift covariance, c{K+z) = c{K)+z, 
z Denote 

IC'q = {K € 1C' ■. c{K) = 0}. 

The following result can be found e.g. in [120, Theorem 5.5]. 

Theorem 2.41 Let ^ ^ 0 be a stationary point process on 1C' with in- 
tensity measure A satisfying assumption (2.31). Then there exists a > 0 
and a probability measure Aq on /Cq so that for each nonnegative mea- 
surable function f on KJ it holds 

j f{K)A{dK) = aj I f{z + ifo)Ao(difo) d^. (2.35) 

Remark 2.6. We will call a the intensity of the process $ and Aq 
the distribution of the typical grain. Since a = 0 corresponds to the 
trivial process $ = 0 almost surely, we shall work in the sequel only 
with particle processes of positive intensity. 
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Definition 2.42 The union set E, of a Poisson process $ on K' is called 
the Boolean model in with intensity a and a distribution Aq of typical 
grain. 

Remark 2.7. Obviously, if $ is stationary then the union set S is a 
stationary random closed set (i.e., H + ^ has the same distribution as S, 
2 € R*^). 

For a stationary random closed set 5 in R*^ , the volume fraction p and 
covariance Cov(-) are defined by 

p = Pr[0€S], (2.36) 

Cov(z) = Pr[0€H,z€H], z£R^. (2.37) 

Example 2.43 Denote S C . KJ the system of all nondegenerate seg- 
ments in R**. Each segment s £ S is uniquelly determined by its ref- 
erence point z = c{s), length r and direction /3 € jCi, where L\ is the 
space of one-dimensional subspaces in R"^. We can thus endow S with 
the euclidean structure by means of the mapping (z,r,P) i-A s(z,r,p) 
from R'^ X (0, oo) x £i to calS. A stationary segment process is a sta- 
tionary process # on K,' with values in S. Its primary grain distribution 
Ao is a probability measure on S C )Cq which is isomorphic to the space 
(0, oo) X £i. Factorization (2.35) can be written as 

[ f{s)A{ds) = a [ f fisiz,r,P))Ao{d{r,mz (2.38) 

JK' JR<i J(0,oo)xCi 

(f is an arbitrary nonnegative measurable function on S). Assuming 
additionally that the segment length and direction are independent, the 
distribution Aq factorizes into D x R, D being the length distribution 
and R the direction distribution of a typical segment, and we can write 

[ /(fi)A(ds) = a / r [ fis{z,r,0))R{dP)D{dr)dz. (2.39) 

JK' JR3 Jo JCi 

The length intensity of a stationary segment process $ is defined by 

(2.40) 

where B is any bounded Borel subset of R*^ with positive Lebesgue mea- 
sure. Using (2.39) one easily obtains 



A = oEr, 



( 2 . 41 ) 
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Exercise 2.44 Using the Poisson property and the disintegration of the 
intensity measure derive the following relations for the Boolean model: 

l_p = ^-aJui(Ko)Ao(dKo)^ 

_ 2p - I + e~° ^ 

2.9. Flat processes 

Let be fixed. A k-flatprocess is a point process on 

the space IFk of A;*diKieii8ional flat subspaces of . A flat F ^ J~k can be 
parametrized uniquely as, F = L+y with a fc-dimensional hnear subspace 
LeCk and y € L-^. Thus, the product topology on x R'^ * induces 
naturally a topology onFk (under which, clearly, Fk is locally compact). 
There is a natural motion invariant measure on Fk, Pk^ defined by 

[ f{F)pk{dF)= [ [ fiL + y)ud-k{dy)U{dL), (2.42) 

J JCk JL^ 

U being the (unique) rotation invariant distribution on Ck- 
We say that a fc-flat process $ is stationary (isotropic) if its distribu- 
tion is invariant under the shift mappings Tg (rotations Rp) defined on 
M{Fk) as in (2.33) ((2.34), respectively). The intensity measure A of a 
stationary fc-flat process $ can be disintegrated in the following way; 

[ f{F)A{dF)^a [ [ f{L + y)ua-kidy)R{dL), (2.43) 

J Jck 

with a > 0 and a probability measure A on where / is any nonneg- 
ative measurable function on Fk- The number a is called the intensity 
and R the direction distribution of the process $ (for more details, see 
[103, §4.1]). If $ is stationary and isotropic then R = U, the uniform 
distribution on Ck, and the intensity measure A is a multiple of the mo- 
tion invariant measure pk on ^k- To any flat process $ we can attach 
naturally a random measure in R*^ 

^{B) = E f n^{B n F)^(dF) ^ (2-44) 



i.e., the A:-dimensional measure supported by the flats of the process. If 
$ is stationary isotropic then clearly ^ is stationary isotropic as well and 
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the intensity A of can be computed by using the Campbell theorem 

Xud{B) = m{B) = E j U^{BOF)^dF) 

= JnHBnF)a,Mk{dF) 

= f n\Bn{L + y))u^.kidy)U{dL) 

JCk 

= Oii'diB), 

(we have used (2.42) and the Fubini theorem in the last two steps), 
hence, A = a. 




Chapter 3 



RANDOM FIBRE AND SURFACE SYSTEMS 



Random fibre and surface systems are geometrical formations of great 
interest in biology, medicine, materials research and other apphed sci- 
ences. They present models of structures like roots, capillaries, mem- 
branes, dislocations, cracks, etc. In stochastic geometry such structures 
are usually modelled as union sets of processes of particles (in the sense 
of Subsection 2.8) which may be fibres or (pieces of) surfaces in this case. 
In literature it is assumed usually that the fibres or surfaces chosen to 
represent the particles are smooth (at least C^) which makes it possible 
to use basic tools of differential geometry to treat at least the lengths 
(see Stoyan et al., [109]). 

We follow here the approach using geometric measure theory and 
introduced in stochastic geometry by Zahle [12^]. Fibres or surfaces are 
modelled as Hausdorff (?^*) rectifiable sets of appropriate dimension, 
fc = 1 or d — 1, in the d-dimensional Euchdean space. The advantage is 
twofold: first, more general geometric objects are included, and second, 
the class of Hausdorff rectifiable sets is closed with respect to the usual 
operations as intersections, planar sections and projections. Although 
the mathematical background is rather complicated, the applications 
of the theory can be understood without deep knowledge of geometric 
measure theory and one can imagine under a Hausdorff rectifiable set 
a (piecewise) smooth object without risk of confusion (nevertheless, the 
setting is much more general and a Hausdorff rectifiable set need not be 
smooth in the classical sense in any point). 

A remark should be made about notation. In the literature, the term 
“fibre (surface) process” is often used in two meanings: it apphes to both 
the process of fibres (surfaces) and to its union set. In order to avoid 
confusion, we use the notion “process” only for the particle process, and 
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the union sets, or, more generally, random closed sets which are Tl} 
-rectifiable, are called “random fibre (surface) systems”. 

In this chapter only stationary structures are considered. The main 
object is a random fibre or surface system and the induced random 
measure (which is the Hausdorff measure of corresponding dimension 
restricted to the random set). The main characteristic of interest is the 
intensity A of the induced random measure (length intensity for random 
fibre systems and surface area intensity for random surface systems). 
One of the motivations for the research presented is using anisotropic 
sampling designs for the intensity estimation and determining the vari- 
ances of the related intensity estimators. This task needs a thorough 
investigation of second moment characteristics of the random measures 
and their relationship to the characteristics of the corresponding random 
sets or fibre (surface) processes. Of course, the dependence on directions 
of the random fibre or surface system is crucial. 

One class of problems is the study of relations between the process 
and its transformation by means of a section or projection. This yields 
a background to stereological methods ([109], [118], [86]). Intersecting 
a fibre system with a hyperplane or a surface system with a line we 
obtain a locally finite point set (point process). Intersection of a surface 
system with a plane yields a fibre system, similarily a projection of 
spatial fibre system onto a plane. The distribution of the orientation 
and allocation of section and projection probes is called a “sampling 
design”. Assuming stationarity of the model the shifts of probes do not 
play any role. The relations between the intensities of the original and 
the induced systems can be used to estimate the intensity of the induced 
structure. It is the main aim of Chapter 3 to systemize the basic probes, 
to study the moment relations up to the second order and apply them to 
the investigation of statistical properties of intensity estimators. Other 
tools for the investigation of random sets such as distances and contact 
distributions (see e.g. Hug et al. [56]) are beyond the scope of the book. 

In the last section of this chapter we try to classify unbiased inten- 
sity estimators from the point of view of their variances. Asymptotic 
variances of some estimators are compared. 

The basic reference sources for fibre and surface systems are the books 
of Stoyan et al. [109] and Schneider and Weil [103]. For related stereolog- 
ical methods, see Weibel [118] and Ohser and Mucklich [86]. Variances of 
intensity estimators were studied among others by Baddeley and Cruz- 
Orive [10], Schladitz [98] and Mrkvicka [82], see also [5] and [14]. 
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3.1. Geometric models 

In this section we shall consider a /s-dimensional random closed set 
S in, M'*, where k < d (typically, k = 1 or k = d — 1). To formalize 
the meaning of a A:-dimensional random closed set, we use the general 
concept due to Zahle [125] who introduced random 'H^-sets as random 
closed sets in which are H*'-rectifiable (see Subsection 1.1.3). It is 
shown in [125] that the space 

JF* := {F G : F is H^'-rectifiable} 

is an -measurable subsystem of (see Definition 2.4). Recall 

that by Theorem 1.5, for a random H^-set 5, the fc-dimensional approx- 
imative tangent space Tan*(H, a:) exists for T^^’-almost all a; G 5. As an 
example of a random consider a locally finite union of C^-smooth 

A:-dimensionaJ manifolds (fibres if fc = 1 and surfaces if A = d — 1). For 
particular dimensions, we shall use the following terminology: a random 
T^^'-set will be called a (random) fibre system and a random a 

(random) surface system. 

A random H is often constructed as the union set of a “par- 

ticle” process, where the particles are again TZ^'-rectifiable closed sets. 
Following [125], we call $ a -process if it is a point process on the 
state space (of 7/*-rectifiable closed sets) with the cr-algebra induced 
by the c-algebra on the space of closed sets. In particular, $ can 

be a line or fibre process (A: = 1), or a hyperplane or surface process 
{k = d — 1). This approach is slightly more general than that in Sub- 
section 2.8 where only compact particles are allowed. Analogously to 
condition (2.31), we have to assume that only a finite number of parti- 
cles hit a bounded region (this condition is necessary in order that the 
union set be closed). This property will be guaranteed for almost all 
realizations by the assumption 

Ecaxd {itT G $ : JC n W 7 ^ 0} < 00 for any bounded W G (3.1) 
Then, it is not difficult to see that the union set 

E=\jK (3.2) 

is a random 'H^-set and if ^ is stationary (in the sense of Definition 2.40) 
then H is stationary as well. 

With a random 'H^-set H we can always consider the induced random 
measure in 



1 S(0 = n •) 
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(the restriction of the fc-dimensional Hausdorff measure to H). Besides 
the Hausdorff measure, we shall consider various restrictions of projec- 
tion measures to S. These are defined in the following subsection. 



3.1.1 Projection integral-geometric measures 

Let A be a bounded Ti^-set in and let pi denote the orthogonal 
projection onto a /c-dimensional linear subspace L of ]Rf^. The value 

TPl(A) = ^ card ((A npl^{y})iyk{dy) (3.3) 



is called the total projection of A onto L. (Note that the total projection 
may be infinite for some L.) The Crofton formula (Theorem 1.14) with 
k = 0 and j = 1 says that, if A is the boundary of a polyconvex set, its 
mean (w.r.t. rotations) total projection is a multiple of the surface area. 
This is true even in our general setting and can be stated as follows. 
Recall that U denotes the uniform (rotationally invariant) probability 
distribution over the Grassmannian Ck of fc-dimensional subspaces of 
The k-dimensional integral-geometric measure is defined as 

/ TPL{B)U{dL) B e B\ 

Pd,k JCk 



where 



0d,k = 



r(t±i)r(fc|±i) 



The integrability of the function L TPx,(5) and the correctness of 
the definition follows from [31, §2.10.15]. 

Since in applications we shall work only with the cases fc = 1 or 
A; = d — 1, we shall denote also 



0d = Pd, l = Pd,d-1 = 



P(d/2) 



note that, in particular, p2 — if Pa~\- 



^((d+l)/2)^/¥’ 
__ 1 



(3.4) 



Theorem 3.1 ([31], §3. 2. 26) For any bounded Borel -rectifiable set 
ACM'' we have 1^{A) = H^{A). 



It will prove useful in the sequel to use other than the uniform distribu- 
tion in the definition of the integral-geometric measure. 

Deeinition 3.2 Given any probability distribution Q on Ck, 

IJ(A) = ~ / TPL{A)Q{dL), A e 

Pd,k JCk 



(3.5) 
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is the projection (integral-geometric) measure with respect to Q. 

In fact, Iq{A) is the mean total projection of A w.r.t. the distribution 
Q of the projection space. 

Although a relation between Iq and can be obtained as a conse- 
quence of Theorem 1.12, a detailed proof is presented here for the sake 
of completeness. Recall that for subspaces L\ € Ci and L 2 € Cd-it 
[Li,Z( 2 ] is the volume of the parallelepiped spanned by the vectors of 
any two orthonormal bases of Li and L 2 . (If in particular Li 6 £1 and 
L 2 € £d-i, we have [Li,L 2 ] = |cos •^(Li,L^)|). Further we define a 
function on jCk 

:Fq(L)= [ [L,Li]Q{dLi). ( 3 . 6 ) 

JCk 

It is always 0 < Tq{L) < 1, specially jFu{L) — fid,k is constant. 

Proposition 3.1 For any bounded -rectifiable set A and any Borel 
measurable function g : A -A [0, 00 ) we have 

lj{x)I>^{dx) = -^Jj{x)TQ(Ta.n'^{A,x))x'^{dx). ( 3 . 7 ) 

Proof. First, notice that it is sufficient to prove the formula for the 
case when g is the characteristic function of a measurable set since the 
general case follows then by usual measure-theoretic arguments. Note 
further that I* may be replaced by on the right hand side of (3.7) by 

Theorem 3.1. Recall also that Tan*^(A,x) is a fc-dimensional subspace 
for 7i(*'-almost aU x € A (see Theorem 1.5), hence [Tan*^(A,x),L-‘-] is 
well defined for any L G Ck and 7f*^-almost all x € A. From the coarea 
theorem (Theorem 1.6) we get 

[ TPl (A) U{dL)= f [Tan *= ( A, x) , L^] 7^* (dx) , 

JCk JA 

since [Tan *^(A, x), L-^] is the 7(*-approximate Jacobian of the orthogonal 
projection of A onto L at x. The result follows then after integration 
w.r.t. Q. □ 



Given two probability measures R, 2 on T*, we define the constant 

:Frq= [ XQ{L)R{dL). (3.8) 

JCk 

The property of symmetry J-rq = Tqr follows from the Fubini The- 
orem since [LuLi] = [L 2 M] for any subspaces Li,L 2 ^ Ck- Note also 
that jFuQ = fid,k = Pd,d-k for any distribution Q on Ck- 
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3.1.2 The Campbell measure and first order 
properties 

Let 5 be a stationary random in and let 'I' = \ H 

denote its induced random measure. We define the intensity A of 5 as 
the intensity of the induced random measure i.e. 

for any bounded Borel set B C of positive Lebesgue measure. We 
shall always assume that 



A < 00. (3.9) 

Definition 3.3 Let Q be a probability distribution on Ck- The restric- 
tion ofTq to H is called the (induced) random projection measure and 
denoted —Zq\'E. Xq will denote the intensity of ^g. 

Obviously it holds Ag = E^g([0, 

Example 3.4 Let k = 1 and let H be the union set of a H^-process of 
compact fibres. Then ^ is the length measure corresponding to 5 and X 
is the mean length of fibres per unit volume. As a probability measure Q 
on Cl, first consider Q = Sl, L € Ci (one single projection direction). 
Then for B € Bd^Q{B) is equal to the total projected length of fibres 
in xr\B onto the line L E C\. For a general Q the total projected length 
is averaged w.r.t. Q. Inparticular, 

Example 3.5 Let k — d — 1 ,'E be a stationary TV^~^-set and ^ its 
surface area measure. Then Bd^Q{B) is an average (w.r.t. Q) total pro- 
jected area of surfaces mSflS projected on hyperplanes with orientation 
distribution Q. 



Under (3.9), the Campbell measure C of ’I' is defined on 
(see Chapter 2); recall that 



X 



C{B xU) ^E{<I/{B)lu{^)) 



and 



10 ) 



C{B xU) = X f P^(U)dx = X f Poitou) dx (3. 

Jb J b 

for B C B^ and U € where P^ is the Palm distribution of ^ at 
X G and the shift operator tx is defined in Section 2.5. The same 
result can also be stated in the following form 

[ g{x,‘ip)C{d{x,rp)) = X [ [ g{x,txip) Poidrp) dx, (3.11) 
J Jm^ 
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where g is any nonnegative measurable function on x 

Analogously, we can define the Campbell measure Cq and Palm distri- 
butions Pq,x related to the stationary random measure ’J'g and we have 

Cq{BxU) = \[ Pg.x(W)da: = X [ Pq^UJA) da;. 

Jb Jb 

Setting Q = U (the uniform distribution), we obtain Cq = C. 

We shall equip the random measure '9q with the weight func- 
tion w{x,'^) = Tan*(S,a;), x G supp ^ C S, getting thus a stationary 
weighted random measure {^q,w), respectively, with the weight 

space Ck- 

Definition 3.6 The rose of directions R of the stationary random 'H*- 
set H is the weight distribution of i.e., 

/?(G) = Pro[Tan'=(H,0)6G], 

where G is a Borel subset of £*, and Pro denotes the Palm probability 
at the origin. The projection rose of directions Rq w.r.t. a probability 
distribution Q on is defined analogously as the weight distribution of 
the stationary weighted process {'9q,w), i.e. 

R{G) = PrQ,o[Tan*(H,0) e G], 

where Prg,o is now the probability with respect to the Palm distribution 
at the origin of the projection measure 

Remark 3.1. We shall often write Tan*^(^, x) instead of 

Tan (supp V’, a;) if V' is a realization of the random measure ^ (^q) 
and X G supp ip. 

Using (3.11) we obtain the following representation. 

Lemma 3.7 For any B £ bounded we have 

Xua{B)R{G) = E / lG(Tan*=(S,x))7^'=(da;), 

JBns 

XqMB)Rq{G) = E [ lG(Tan*=(H,x))Xj(dx). 

JBnE 

Proof. The equalities are obtained by evaluating the integral of the 
product l 5 (x)lG(Tan*^(i/>,i))w.r.t. the Campbell measure C, Gg, respe- 
ctively. □ 

The intensities and roses of directions of 2 and its projection versions 
are related to each other in the following manner. 
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Proposition 3.2 It holds 

i) Aq = 

8) RQ{G)^J^^^faTQ{L)R{dL). 

Proof. Using the definition and Proposition 3.1 we get 

Ao = EI^(5nB) = /3;;E [ TQ{TBtti’‘{E,x))nHdx), 

J B 

where B is any bounded Borel subset of R** with unit Lebesgue measure. 
The last integral can be evaluated by means of the Campbell measure 
and applying (3.11) we obtain 

Aq = J lB(a;)^Q(Tan*=(V’,a:))C(d(x,V')) 

= J^Q{Tm’^{^,0))Po{d^)dx 

= PllxlpQ{L)R(dL) 



To verify 2), we apply Lemma 3.7 and Proposition 3.1 and we get for B 
as above 

Rq(G) = A^'E / lG(Tan*=(S,a;))Xj(dx) 

JBns 

= lG(TmHE,x))PQ{Ta.n'^(E,x))nHdx). 

JBns 

The first equality in Lemma 3.7 implies that the last expectation equals 

A [ TQ{L)R{dL), 

Jg 

and the use of 1) in Proposition 3.2 completes the proof. □ 

3.1.3 Second-order properties 

Let P, Pq denote the distribution of 'i'g, respectively. As above, 
Rq,x will denote the Palm distribution of at a; C R*^. The variance 
var^g(5) can be expressed using the reduced second moment measure 
Kq of which is a measure on defined by means of the Palm 
distribution 



\qKq{B)=Wq{B), 




Random fibre and surface systems 



53 



(cf. (2.19)). The pair-correlation function of (density of /C q 
with respect to will be denoted by pq. 

Using Theorem 2.31 we obtain for A,B ^ 



mqiA)'i!Q{B) 



j J lA{x)7piB)7p{dx)PQ{dtp) 

Aq j lA(a;) J txtp{B)PQfl{drl})iyd{dx) 
J J ^Aix)lB{x + h)ICQidh)i/d{dx) 

Aq j 9A,B{^)^Qi^)^ 



where gA,B{^) — (1 (B ~ x)) and gs = ffB,B- Thus, we obtain the 

following general formula for the variance: 



Theorem 3.8 We have 



var^o(5) = Ag 5B(a;)A:g(da;) - . 

If the pair-correlation function pq of q exists, then 

var^g(5) = A^y gB{x){pq{x) - l)i^d{dx). 



( 3 . 12 ) 



Remark 3.2. Specially for 2 = it holds 

vax^(5) = A^y gB{x)(p{x) - l)i/d(dx) 

assuming that the parr-correlation function p of Vt exists. 

If the window B has a shape different from a ball then both gs and 
the variance var^g(B) in Theorem 3.8 may depend on the orientation 
of B. Therefore may be anisotropic even if $ is isotropic. 

We shall estabhsh now a relation between the measures Kq (of ^g) 
and K (of ^). Let W/i, h E h^O, be the two-point weight distribu- 
tion of® (see (2.30)) defined by 

y 5(mi,m2)W/i(d(mi,m2)) =Eo,/i5(Tan*=(®,0),Tan*(®,h)), 

where pis any nonnegative measurable function on 
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Proposition 3.3 The measures Kq and K are related by 

f lQih)fC{dh), (3.13) 

•Trq Jb 

where 

lQ{h)= [ ^Q{wi)J^Q{W2)Wh{d{wi,W2)). 

If the pair-correlation function p of exists then 

PqW = ^P(A) (3.14) 

•^RQ 

is the pair-correlation function of ^q. 

Proof. The second order moment measures of the weighted processes 
are related by 

= J f(^^'^i^)^y,'u’iy))^Qiw{x))J^Q{wiy))^{dx)'9{dy) 

(see Proposition 3.1). Applying Theorem 2.37 to both sides of this equal- 
ity for the function f{x,Wi,y,W 2 ) = lA{x)lB{y — x) we get 

Xlf ICQiBMdx) = [ [ lQ(h)IC{dhMdx). 

J A *f A V B 

Since this holds for an arbitrary Borel set A, (3.13) follows after using the 
equality (see Proposition 3.2, assertion 1)). Equation 

(3.14) is a simple reformulation in terms of densities. □ 

Corollary 3.9 

var ^g(B) = /3 ^Ja2 gB{x)lQ{x))C{dx) - ■ 

Proof. Follows immediately from Theorem 3.8 and Proposition 3.3. 

□ 

Exercise 3.10 Let Qi,Q 2 be two probability measures on Ck- Let pi2 
be the cross-correlation function of ^q\nd Section 2.5. Show 

that if the pair-correlation function p of ^ exists, then 

f^2 J^Qi{wi)J^Q^iw2)yVx{d{wi,W2)) 

Pn{x) = p{x) 

•I-QiRd-QiR 



Ud-almost surely. 
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3.1.4 K*®- processes and Palm distributions 

We consider now the case when the random S is induced by a 

T^^’-process $ in the form (3.2). In this subsection, we restrict ourselves 
to processes with compact particles, i.e., we assume that $ is a stationary 
point process on K.^ = D IC, the space of all nonempty compact 
rectifiable subsets ofK'*, fulfilling (3.1). 

Consider the operator Tq from to the space of (nonnegative) 

measures on acting as 

Tq^(.) = 

Due to (3.1), Tq^ is a random measure in M**. We shall assume in the 
sequel that 

a.s. there are no if 7^ i G $ with 'h&{K H L) > 0. (3.15) 

Then it is easy to re a lize that 

= Tq$. (3.16) 

Let us denote for brevity 

x§(-'l=4(xn-) 

the restriction of the measure Xq to K. If Q = U we write sim- 
ply With this notation we have Tq(p{-) = f Xq{’)4>{^^)- 

The measurability of Tq w.r.t. usual a-algebras follows from [125]. Let 
A = E$ be the intensity measure of $ which can be disintegrated as in 
Theorem 2.41 into the intensity a > 0 and a primary grain distribution 
Aq. We shall use the notation Zq for the primary grain, i.e., a random 
element from K.^ with distribution Aq. 

The following lemma relates the intensity Aq of the induced random 
measure ^q to the intensity a of the process 

Lemma 3.11 Under the assumptions described above, we have 

\Q = a[ l!^{Ko)AQ{dKo) = aElJ(Zo). 

JK'q 
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Proof. For any Borel bounded subset 5 C M** it holds 
E<Sq{B) = eJ x^iB^dK) 

= c^l J^^XQ°^^{BMdx)Ao{dKo) 

^ ^ j J^^Xq°{B - x)ud{dx)Ao{dKo) 

^ 1 1 1 

= aud{B) j I^{Ko)Ao{dKo). 




□ 



Let us further introduce the probability distribution Aq on /C^ defined 
by 



J fX^(K,)A,(dKo) 



for any nonnegative measurable function hon /C* . (Aq is the distribution 
of the Xg-weighted typical point K of the process shifted randomly so 
that its Ig-weighted uniform random point falls into the origin.) 

Denote by P the distribution of the point process $ and by Pfc the 
Palm distribution of $ at a compact set K. The main theorem of this 
subsection relates the Palm distribution Pq^ of the projection measure 
to the Palm distribution Pfc. 



Theorem 3.12 The Palm distribution Pgfi fulfills 
PQ,i = I {pKTg')AQ(dK). 
Remark 3.3.In other words, we have 

PQ,om = I Pk({<I> • Tq^ e U})AQ(dK) 
for any measurable set U C A4‘^. 
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Proof. (of Theorem 3.12) Using the Campbell theorem we obtain 

E^q(-B) 9 (^q) = [ '<P{B)g{ij})PQ{d'tp) 

JM't 

= [ {TQcl>){B)g{TQtl>)Pid(f,) 

= f [ x^{B)g{TQm^K)P{dcl>) 

J M{K^) J AC* 

= [ [ x^{B)g{TQ<f>)pKidcl>)AidK). 

Jk'‘ Jm{k>‘) 

Applying the disintegration of the intensity measure A, we get 



E^Q{B)g{<SQ) = a / h{B, Ko)Ao{dKo), 
Jk' 



where 

h{B,Ko)^ [ [ XQ°^^{B)g{TQi>)PKo+x{d<P)Mdx). 

Using the Fubini theorem and thereafter the substitution z — x -\-y we 
get 

h{B,Ko) ^ [ f [ iB-xiy)lU^y)g{TQ<l>)PKo+x{dcf>)Mdx) 

Jm{k>) Jko 

= f f f lB{x + y)g{TQcl>)PK,+Ad<t>Mdx)I^{dy) 

^ f f f 9{TQ(l))PKo-y+M^M<dz)X^{dy) 

Jko Jb Jm{kI‘) 

^ f f [ 9 (Tq4>)Pko -y+z {d4>)Xj^{dy)ud{dz). 

Jb Jko 



Using now (3.17) and Lemma 3.11, we obtain 



E^o(B)p(^q) = Xq f f / g{TQ<j>)pK+.{d<f>)AQ{dK)ud{dz). 
Jb Jki^ Jm{jxM) 

^From the Campbell theorem it follows that 

/ eWPQAi't) = 1 f 9(rg«#K+.W)Ao(dif) 

for y<f-almost all 2 € , and the proof is complete. □ 
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3.1.5 Poisson process 

Consider now the case when $ is a Poisson process. Then S is called 
a Boolean model and we have by the Shvnyak theorem (Theorem 2.21) 
Pk — ^5k *P- Hence, for any measurable function h onM.{K,^) it holds 

I h{cl>)PK{dcl>) = I h{<t>) {66^*P){d<i>) = J h{6K + <l>)Pid<l>). 

Now from Theorem 3.12 we obtain the following corollary 

Corollary 3.13 If^ is a stationary Poisson process onK,^ , then (us- 
ing the notation introduced above) 

Pq,o = J * PQ)A.Q{dK). 

Proof. For M € measurable it holds 
^O.o(M) = j(5s^^P){T-^M)kQ{dK) 

= f M[iCk) 5 k A TQ^M}kQ(dK) 

= I PTqH<I> e MilCk) : x§ + Tq<I> € M}AQ(dif) 

= I Pq{p eM^:xQ+f^^ M}AQ{dK) 

= fiSx^*PQ){M)AQ{dK). 

□ 

Remark 3.4. The result can be reformulated in the following form: 
let Z be a random element of /C* with distribution Ag, defined on the 
same probability space as $g and independent of $g. Then the random 
measure Xq + ^g follows the Palm distribution Pg,o- 

Using Corollary 3.13 we obtain a general formula for the variance of 
the projection measure of a Boolean model. 

Theorem 3.14 Let ^ be a stationary Poisson process on with inten- 
sity a > 0 and primary grain Zq. Then for the induced projection mea- 
sure and B we have 

var^g(P) = oieJ j 9B{x-y)xQidx)xQ°{dy) 

= ocE f f 9 b{x- y)I^{dx)I^{dy). 

J Zq j Zq 
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Proof. We have var^Q(jS) = E^q( 5 ) — [E^q( 5)]^ with 

E^q{B) = Aq y gB{x)it{dx)PQ,oidrP). 

Denote /{^) = J gB{x)tp(dx) {ip E M^), then according to Corol- 
lary 3.13 

I f{<P)PQ,oi^^) = 1 1 m( 6 x^*PQ}i^mQ{dK) 

= I j nxS+i’)PQ{diP)AQ{dK). 

This integral sphts in two summands Ji H- J2 due to the linearity of /. 
The second of them is 

d2 = // gB{x)tp{dx)PQ{dip) = >^Q j 9B{3t)ud{dx) = 

and thus XqJ2 = [B^q(.S)]^ cancels out in var^g(5), whereas the first 
of them yields 

Ji=j J^gB{x)X^{dx)AQ{dK). 

The theorem follows then immediately by the definition of Ag (3.17). □ 
Applying now Proposition 3.1 to both integrals, we get 
Corollary 3.15 Under the assumptions of Theorem 3.14 we have 

var^Q(S) 

= f f 9b{x - y)pQ{Tm'‘{Zo,x))pQ{Tasi’‘{Zo,y)) 

‘ JZo Jzo 

n’^{dx)nHdy). 

Exercise 3.16 Let the particles of the -process be flat pieces, i.e., 
the linear hull span A is a k-flatfor any particle K from the process 
In such a case, for any primary grain Kq, Tan*^(ifOi^c) = spanifo € jCfc. 
Using Corollary 3.15 and Proposition 3.1, show that 

vax<bQ{B) = fijlaEPqispanZof f f gB{x y)'U'‘{dx)n^{dy). 

’ JZo JZo 

(3.18) 

Exercise 3.17 Let the process $ be as in Exercise 3.16 and assume 
additionally that B is a ball and that the shape and size of the primary 
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grain are independent of its direction. Show that then 

^C3(^) = /3d>/ T^{L)R{dL)E f f 9 Bix-y)n’^idx)nHdy). 
J jCt J Zq J Zo 



var 



( 3 . 19 ) 



3.1.6 Flat processes 

In this subsection we consider random ?^*^-sets generated by station- 
ary flat processes. Let $ be a stationary process of fc-dimensional flats 
in (see Subsection 2.9) with intensity a and direction distribution R 
(distribution on Ck)- The union set S = clearly a stationary 

random with intensity X = a and direction distribution R. Con- 

sequently, by Proposition 3.2, the intensity of the projection measure 
<Sq is 

Let IFk denote the space of all fc-dimensional flats (affine subspaces) in 
We shall use the mapping Tq introduced in Subsection 3.1.4, now 
interpreted as a mapping on Af{Tk)- 

Theorem 3.18 The Palm distribution Pq,o of the projection measure 
induced by a stationary flat process fulfills 

PQfi^ I {PLTg^)R{dL). 

Proof. Analogously to the proof of Theorem 3.12 we obtain 

E^Q(5)5('fg) 

= I XQ+®(5)ff(TQ<^)PL+x(d<^)i^d-ifc(da:)i?(dL). 

By Proposition 3.1 we have 

x5+*(S) = n(L + x)) 

(we can write the Lebesgue measure instead of the Hausdorff one since 
the measured set belongs to an affine subspace of corresponding dimen- 
sion). Hence, using Proposition 3.2 and the Fubini theorem, we get 

E^q{B)9{^q) 

= ^* 5 ^ ^k(B n {L + x))9{TQ(f))pL+x{d(f>)i'a-k{dx)RQ{dL) 

= f f [ 9{TQ4>)h+x{d(t))RQ[dL)ud{dz) 

JB JCk J 




Random fibre and surface systems 

and the assertion follows again by the Campbell theorem. 



61 



□ 



For the Poisson flat process we obtain as a consequence 



Corollary 3.19 If ^ is a stationary Poisson process on Tk, then 

Pq,o = j * PQ)RQ{dL). 

The variance of the projection measure can be then derived in the 
same way as in Theorem 3.14 and Corollary 3.15: 



Theorem 3.20 Let^ be a stationary Poisson process on IFk- Then the 
induced projection measure 'I'q satisfies for any B £ 



var^'g(5) 



Aq LI gB{x)lQ{dx)RQ{dL) 

^ Ic fi 9B{xW{dx)R{dL). 



3.2. Intensity estimators 

Unbiased estimators of intensity can be naturally formulated by means 
of projection measures. In this section, formulas including moments of 
projection measures (mean value and variance) will be applied to obtain 
statistical estimators of the intensity and their variances. Four sampling 
schemes will be described according to Table 3.1. 

Random fibre and surface systems are considered as particular cases 
of random 'H’^-aets {k = I or k — d — 1). The rose of directions R on 
Cl will be the tangent distribution for the case of a fibre process (see 
Definition 3.6) and the distribution of normal direction in the case of a 

surface process. We shall use the representation of £i as the unit sphere 
gd-i 

where unit vectors with opposite orientations are identified. Thus, 
probability distributions on C\ can be viewed as even distributions on 
and the function IFq in (3.6) takes the form 

Pq{b)= [ Ku,u)|Q(dw), 

Direct probes are based on the total projection, a fibre system is pro- 
jected onto a line while a surface system is projected onto a hyperplane 
in In stereology the total projection is approximated by counting 
the intersections between the structure and probes, see Fig. 3.1 a,b. In 
the case of fibre (surface) systems the number of intersections with test 
hyperplanes (lines) is evaluated, respectively. The organization of these 
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fibres 


surfiu:es 


direct probes 
indirect probes 


projection on R‘ 
projection on R**'* 


projection on R^“* 
intersection writh h 3 rperplane 



Table 3.1. Four sampling schemes for the intensity estimation of fibre and surface 
processes. By projection always the total projection is meant. 




Figure 3.1. Graphs demonstrating the sampling schemes in Ibble 3.1 for dimension 
d = 3. Direct probes are based on measuring the total projection which can be 
approximated by counting the intersection number of fibres with planar probes (a) or 
surfaces with linear probes (b). Indirect probes transform a spatial fibre system to 
a planar fibre system by projection (c) or a spatial surface system to a planar fibre 
system using planar intersection (d). 



probes, e.g. systematic random, is intensively studied, cf. [20], [63], [64], 
this topic is beyond the scope of this book. 

Indirect probes first transform the random set in a random set in lower 
dimension and in the second step the induced random set is evaluated, 
see Fig. 3.1 c), d). In the case of a fibre system, it is projected onto 
which yields an induced fibre system in In the case of a 

surface system, it is intersected with a hyperplane which results also 
in a fibre system in R**" ^ . The relation between intensities of both 
random systems is available and the intensity of the transformed system 
is estimated using direct probes in lower dimension. 
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The estimation formulas depend typically on the rose of directions 
R which is unknown. Two ways how to overcome this difficulty are 
(i) randomization of probe orientation, (ii) estimation of the rose of 
directions. They are discussed in Chapters 4, 5, respectively. 



3.2.1 Direct probes 

Direct probes lead to an unbiased estimator of intensity A based on 
the induced projection measure of the form: 





(3.20) 


its unbiasedness follows from Proposition 3.2 for both fibre and surface 
systems. 

The variance of the estimator (3.20) can be expressed by Theorem 3.8 
and Proposition 3.2 


varA = / SB(tc)lCQ(dx) l), 


(3.21) 


or, equivalently. 




var A = j 9 b{x)(pq{x) l)ua(dx), 


(3.22) 



if the pair-correlation function pq of exists. 

Explicit formulas for var A stated above can be obtained for Poisson 
processes, see Theorem 3.14. The important special case Q = U, = 
^ is studied in Subsection 4.1.1 as lUR sampling. We present here a few 
particular cases. 

Example 3.21 (Poisson segment process.) Let the random fibre system 
be the union set of a stationary Poisson segment process $ in R** with 
intensity a and typical segment distribution Aq (see Example 2.43). Any 
“centred” segment fi € /Cq can be parametrized by s — s{r,u) with length 
r > 0 and direction u G (identifying again u with —u), thus Aq 
can be viewed as a distribution on (0,c») X even in its second 

coordinate. We use here the standard notation Ld instead of \ for the 
length intensity of fibre systems ( moreover, we shall write La instead of 
Li and Lv instead of L^, following the usual convention). Using (3.18), 
we get the expression for the variance of the estimator (3.20) 
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and, after a linear substitution and using the fact that qb is an even 
function, we get 






2a 



var Ld 



( 3 . 23 ) 



= [ [ {r - s)gB{su)dsAo{d{r,u)) 

./(0,oo)xS‘'-‘ JQ 

r roo rr 

= / IFq{u) / {r - s)gB{su)dsAo{dr \u)Ro{du), 

Jo Jo 



where we have applied the disintegration 



Ao(d(r,u)) = Ao(dr|?/)/?o(dw), 



Ao(dr|t/) being the conditional segment length distribution under given 
direction u, and Rq the direction distribution of the typical segment (note 
that Ro is not equal to R in general but R is the length-weighted distri- 
bution Ro)- Summarizing, we obtain the formula 



var 



- 2a f f°° 

J§d-i Jo “ •s)l[r>5]) dsi?o(du) 



( 3 . 24 ) 

where the symbol r is used to denote the typical segment length and Eu 
stands for the conditional expectation under given segment direction u. 
If the typical segment length and orientation are mutually independent 
then clearly Ro = R, the typical segment length does not depend on u 
and we can write 



» 2a C r°° 

^ Jo ~ «)l[r>s]) dsR{du). 

^ ( 3 . 25 ) 

Assume that the direction distribution Ro has density h with respect 
to the Hausdorff measure on and let the pair-correlation function 

Pq of Q exist. Comparing (3.12) with formula (3.24), we get 



J 9Bix){pQ{x) - l)dx 
2a r 

= -^ 9fl(su)E„((r-s)l[r>s]) ds/i(u)?{‘^“Hd«)- 

Pd Jo 



Using the relation 



= f^d = Pd ^ ^RQo(E'>' 
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from Proposition 3.2 and the substitution to polar coordinates x = su on 
the left hand side with 

dx = {du}d)~^s^~^d3H^~^{du), 



we get 



1 

(kod 



f [ ^ 9 b{su)(pq{su) - l)ds'H'^ ^(dtz) = ■ ^ % - ^2 
Jsd-i Jq aJ^f^giEry 

x[ TQ{ufh{u) f gs(su)Eu ((T--s)l[r>s])ds?{‘^“Hd^‘)) 

J^d-r JQ 



and the formula for pq (su) follows: 



pqisu) = 1 + 



2duJd ^qiuf Eu ((r - s)l[ r>s]) , / ■, 



u E s > 0 . 



( 3 . 26 ) 



Remark 3.5. Since varLd in (3.24) depends continuously on Q and 
since the space of all probability distributions on is compact, there 
surely exists a distribution Q = Q{B,Aq) for which the variance attains 
its minimal value. It is, however, difficult to find the solution of this 
minimization problem in the general case. In the particular case when 
the segment length and orientation are independent and when S is a 
ball, then the minimum variance is attained for the uniform distribution 
U on see Exercise 3.25, since 

I (J-q(u) - J^RqfRidu) = I J^i{u)R{du) -:fIq>0 
for any distribution Q and zero is attained when Q = U. 

Example 3.22 (Poisson hyperplane process.) Consider the random sur- 
face system generated by a Poisson hyperplane process $ in . The 
surface area intensity is now denoted by Sd and we shall consider its 
unbiased estimator (3.20) denoted now by Sd- Applying Theorem 3.20 
we get 

var 5 d = f T^q{L)lj_,{B;L)R{dL), ( 3 . 27 ) 

Pd(£») -riiQ JCd-i 

Id-iiB;L) = J^9B{x)i'd-i{dx). 



where 
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To continue the example we shall discuss the geometrical interpretation 
of the integral Using the definition of gg and the Eubini 

theorem we get 

= [ f 1 b{z)1b{x + z)i^didz)i/d-i{dx) 

Jl 

= f I'd-iiB 0 {L - z))wd{dz) 

Jb 

= f {ud-dBr\{L-y)))^dy, 

which is the translative integral of the square of the intersection area of 
B with a translate ofL. 



Exercise 3.23 Denote by 



Cd{t) = t>d{Bi n - tu))/ud{Bi), t > 0, 

(u € the covariance function of the unit ball B\ and verify the 

following properties of (^d tmd its derivative 

Cd(i) = 2 '^^ f (l-52)^ds, t<2, (3.28) 

Jt/2 

Cdit) = (1 - 0 ' ’ * ^ 2. (3.29) 

In particular, in dimensions 2 and 3 we have 

C 2 (i) = - arccos ^ - - Jl - y , (3.30) 

7T 2 7T V 4 

3/ 

Ca(t) = 1-J + I6’ 

Exercise 3.24 By using (3.24), show that if ^ is a Poisson segment 
process and B — Bp a ball of radius p, then the variance of Ld can be 
written in the form 



where 



„ 2a f 

^^^Bd= d=2^ ^Q(w)7?d(r/2^)Ao(d(r,u)), (3.32) 

‘^dP ^ BQ 4(0,c»)xS<'-i 

T]d{t) = 4 / {t- a)Cd(25)d5. (3.33) 

Jo 
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Show that, in particular, 



m{t) 

m{t) 



I 37t*~ 2’ 

r 2*2 - *3 + ^*5^ ^ 

*> 1 . 



(3.35) 



Exercise 3.25 Consider the situation from Exercise 3.24 and assume 
additionally that the segment length and orientation are mutually inde- 
pendent. Show that then the following two formulas for the variance 
hold: 

- 2ct f 

= ~ ; j -2r2 / •^o(«)-R(d«)ET?d(r-/2p), (3.36) 

^dP RQ J 

- 2a r 

J Cd(s/p)E ((r - a)l[r>4^cB^) 

Exercise 3.26 Let $ be the Poisson hyperplane process from Exam- 
ple 3.22 and let the set B = Bp be a ball of radius p. Show that then 

L) = (3-38) 

and 

var5d = -§^^(JTrq)-2 f J^^{L)R{dL). (3.39) 



Exercise 3.27 Using the Jensen’s inequality, show that if^ is a Pois- 
son hyperplane process and B a ball, then var is minimal for the 
uniform direction distribution Q = U. 



3.2.2 Indirect probes 

Indirect probes are characterized by the two-stage estimation procedu- 
re, cf. Fig. 3.1 c, d. Consider first a stationary random fibre system H 
in R** (which may be generated by a fibre process $) and let a thin 
slab X [0,i] of normal orientation v G and thickness * > 0 be 
given. The intersection of S with the slab v*- x [0, i] is then projected 
orthogonally on the hyperplane and the resulting stationary random 
fibre system in v*- is denoted by 3*'’^ the corresponding fibre process in 
(if it exists) by and the induced projection measure by Q 
being an even probability distribution on S‘*“2(^;i.) — grf-i n v^. 

The following result is weU known at least under some additional 
regularity assumptions, see e.g. [89], [83]. Let 

= f I sin •^(u,u)| Q(du), u G (3.40) 

Jsd-l 
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denote the sine transform of an even probability distribution Q on 
We shall use the spherical projection 



7T„x : u 






fromS*^ ^ \ {— u,w} to S'* ^ C (Recall that p„x is the orthogonal 
projection onto u'*'.) 



Lemma 3.28 The length intensities of the original random measure 
’Jf induced by H and of the random measure in are related 

= tLMv), (3.41) 

where R is the direction distribution of'^. Assume further that 

R{{-v,v})=0. (3.42) 

Then the direction distribution Bf of S"’* ( considered as an even probabi- 
lity measure on S'*”^ C V'^) does not depend on t > 0 and is related to 
the direction distribution R (an even measure on S**”*^ by 

Qr{v) f h{w)R^(dw)= f /i(7r„xu)lsin ^(u, w)|i?(du), (3.43) 

where his any even nonnegative measurable function on S**""^. 

Proof. We shall represent the approximate tangent spaces Tan 
6 A as unit vectors, without taking care about their orientation. Note 
that if a; e ?;■*■ X [0, t] and Tan*^(H,a;) is not equal to ±ti then 

TanHS"’‘,p„±a:) = 7r„x(Tan^(H,a:)). 

Let 5 be a bounded Borel subset of with > 0 and let W = 

B X [0, f]. The projection p^x restricted to H fl W is Lipschitz and its 
one-dimensional approximate Jacobian at a; E H D W equals 

I sin <):(Tan*(5,x),u)| 

^^■-almost everywhere. Thus, applying the area formula (Theorem 1.6) 
we get 



f /i(7T„xTan^(H,a;))|sin -^(Tan *^(S, a:), «)!?{*• (da;) 

Jwns 
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tLdVd-i{B) / h{ir^s.u)\sm-^{u,v)\R{du), 

whereas the expectation of the right hand side is 

L'^d-i^d-iiB) f h{w)R%dw). 

7s<'-2 

The choice of the function h = I gives (3.41). On the other hand, if h is 
arbitrary and (3.42) holds then we get (3.43) after applying (3.41). □ 

Let now 5 be a stationary random surface system in R** (which may be 
generated as the union set of a stationary surface or hyperplane process 
$). Given v € let H*' = S D «-*■ be the intersection of the random 
set with the hyperplane perpendicular to v (corresponding to the union 
set of the intersection surface or hyperplane process in w^); note that 
3*' is a stationary random surface system in (cf. [125]). Further, let 
denote again the induced projection measures. Analogously as 
in Lemma 3.28 one can show that the surface intensity of 3" is 
related to the surface intensity Sd of 3 by 

S^d-i = SdGRiv), (3.44) 

R being the normal direction distribution of 3, and that, provided that 
(3.42) holds, the normal direction distribution Rf of 3” fulfills (3 .43). 

Proposition 3.4 Let Q be an even probability measure on concen- 

trated on C v^, V 6 8*^“^ fixed, and let B be a bounded Borel subset 
ofv^ with Ud-i{B) > 0. Then 

Pd-l^^lli{B)=Ud-l{B)J^RQSd 

in the case of a stationary random surface system, and 



Pd-i^^'’4{B)=tud-i{B)J^RQLd 



in the case of a stationary random fibre system. Consequently, 






and 




tVd-l{B)TRQ 



(3.45) 



are unbiased estimators for Sd, Ld, respectively. 
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Proof. Follows 
that 

GR(v)IFiiyQ = 



immediately from (3.43), (3.41) and (3.44) observing 



Gr(v) [ f \co8 ■^{u,w)\R'"idu)Q{dw) 

JSd-l J§,d-2 

/ / sin -^{u, u;)|cos <^(p„xu,u^)|ii(du)(3(dio) 

J§d-i ygd-i 

[ [ |cos -^(n,iy)|i?(du)Q(drw) 



^RQ- 



□ 

Remark 3.6. Formulas (3.20) (for direct probes) and (3.45) (for indirect 
probes) have the same structure, but the quantities in (3.45) correspond 
to a smaller dimension d — 1. 

Under the assumption of Proposition 3.4, we denote by Q both the 
measure on in the numerator of (3.45) (or in IFrvq) and the 

measure on Ci in the quantity Trq in the denominator of (3.45). 

The variances of the estimators (3.45) are obtained using the tools in 
Subsection 3.1.3 for stationary processes and especially by Theorem 3.14 
for Poisson processes. We intend to get some more explicit results here 
in some particular cases. 

Example 3.29 (Poisson line process.) Let ^ be a stationary (anisotropic) 
Poisson line process in R** with intensity a and union set (cf Sub- 
section 2.9). The direction distribution R coincides with the direction 
distribution of a typical line. (As above, we consider R as an even dis- 
tribution on We assume that 

R{{u G : u T n}) = 0, (3.46) 

i.e., that there are almost surely no lines perpendicular to v. Then the 
induced process ( given the projection onto of the intersection of 

$ with the slab v-*- x is a stationary segment process with intensity 
and primary segment distribution Aq’* (joint distribution of segment 
length and orientation ). It is clear that a line of orientation u G S“‘ ~^of 
the original process generates a segment of length t tan ^{u, v) and orien- 
tation 7T„x (tt) in the projected process and that a typical line contributes 
to the typical segment distribution of the projection with the weight of 
the cosine of its angle with v. Thus we get the following relation (valid 




L 



(0,oo)xS‘^-* 
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for arbitrary line processes, even without the Poisson assumption): 

/i(r,u;)Ao’*(d(r,u))) (3.47) 

= J h{t\ tan w)|,7r„x«)| cos •^(u, v)| R{du) 

where h is any nonnegative measurable function on (0, oo) X S'* 

Clearly, the length intensity of the segment process is equal to 
the product of the intensity with the mean segment length Er. It 
follows from (3.47) that 

T 7 - _ 4 . 

= T- / s t, 

^r(v) 

and, applying (3.41), we get the relation 

a"-* = W-hLdQR{v) = LiTniv). 

The variance of can now be expressed by applying (3.24) to the fibre 
process We get 



varL*4 = 



^ 2LdTR{v) 



f f 9B{sw)P’\s\w)dsR^{dw), 

-i{Rr^RQ ./s‘'-2 Jo 

(3.48) 



where 



/ (X 

(r - a)AS’*(dr | w) 



(3.49) 



and Rq is the direction distribution of a typical segment of^^'^ which 
is, by Lemma 3.47, the spherical projection of the |cos ^{u,v)\-weighted 
distribution R. 

Example 3.30 (Poisson hyperplane process.) Let ^ be a stationary 
Poisson hyperplane process with intensity Sd and normal direction dis- 
tribution R on S'*-*. Due to (3.27), we have 



vail 



av r 

(recall that Q_ 2 {B, ly*-) = f Vd- 2 {B H {w^ + 1))^ dt.) Since 

= |sin ^(u, v)|-*.7=q(u), 

we get by using (3.43) and (3.44) 

Sd f 



vaxSj = 



(l'd-i{B)J^RQ)^ 



Jsd-i I si 



I'd- 2 {B, n u-‘-) ii(d«). 



L'l 



sin *)[(u, v)| 



(3.50) 
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Exercise 3 31 Show that 

Tq{u) = I sin <):(u,n)|J’Q(7r„±n) 

for u 6 \ {— n, u} and, using (3.32) and (3.48), verify the following 

formula for a Poisson line process $ and ball B — Bp: 

2LdJ^R(v)t-^ 



var La — 



^d-lP^ J(0,oo)xS^“2 



/ 

J(Q 



^o(ii>)'^??d-i(r/2/9)Ao’‘(d(r, w)) 



2Ldt 



-2 









I sin v)P 



R{du) 

(3.51) 



(the function rjd-i is given in (3.33)). 



Exercise 3.32 Let B be as in Exercise 3.31 and assume moreover 
that R is rotationally symmetric around v. Show that in this case 



vajLj = 



f r>/j \ 

2Ld J |3in7(n.t>)|^ ^(^^) 









f 



Vd-i{r/2p)D'’’\dr), 



(3.52) 

where the segment length distribution £)”>* of the induced process is 

the first marginal distribution o/Aq’*. (Hint: Note that by the rotational 
symmetry ofR, the typical segment length and orientation of the induced 
segment process are mutually independent, and apply (3.36) or (3.37).) 



Exercise 3.33 Let ^ be a Poisson hyperplane process as in Exam- 
ple 3.30 and let B = Bp be a (d- l)-dimensional ball of radius p. Show 
that then 



var5^ = ^Sdp-\TRQ)-'^ [ R{du), (3.53) 

TtfJ^ Jsd~i \sm ^{u,v)\ 



(Cf (3.39)). 



3.2.3 Application - fibre systems in soil 

A useful model of a probability distribution R on the sphere for 
applications is a parametric family of Dimroth- Watson distributions, see 
[21]. It has the probability density w.r.t. uniform distribution U 

/i(n) = const exp (2K(n,tto)^), u 6 S^, (3.54) 

where k G [— oo, oo] is a parameter and uq 6 deter mi nes the axis of 
rotational symmetry. The directions are clustering around this axis as 
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K — > + 00 . For K = 0 we have a uniform distribution and for k < 0 the 
girdle distribution is obtained with limiting uniform distribution in the 
equator (perpendicular to uq) plane for k — oo. Choose the spherical 
coordinates u ~ {0, ip) so that uo determines the vertical (z) axis. Here 
9 G (0, 7t) is the latitude and ip G [0, 2ir) the longitude. Then we can 
write the density of Dimroth-Watson distributions with respect to the 
Hausdorff measure y? on as 



h{0,ip) 



1 

4-kUo{k) 



exp(2K cos^ 9) 



(3.55) 



(independent of tp because of rotational symmetry), here 

Uo(k) = r 

Jo 

A practical application of the theory of fibre processes comes from 
the soil science (cooperation with Biometrie, INRA Montfavet, France) 
where earthworms burrows form a natural fibre system in a three-dimesio- 
nal soil specimen. 

The earthworm burrow system in a soil can be described as a highly 
non-isotropic fibre system in composed of roughly straight segments 
(galleries) of small thickness when compared to their length. This system 
forms an organized porosity which can influence properties of the soil as 
gas transfer or colonization by roots. Therefore, scientists are interested 
in modelling such systems and describing them by means of their first- 
order properties like the length intensity and the rose of directions. 

Galleries’ characteristics (length and orientation) depend on the earth- 
worm species. In the region we are interested in, the earthworm popula- 
tion is mainly due to Aporrectodea longa and Aporrectodea nocturna 
which can be regarded as the main burrowing species whose galleries 
are mainly vertically oriented. Such an earthworm burrow system is 
modelled as the realization of a Poisson segment process ([81]) whose 
length and orientation are independent and admit the following densities: 

(i) a is the intensity of the Poisson point process of segment centres, 

(ii) the segment length is exponentially distributed with density h{r) = 
( 1 /Er) exp ( — r/Er ) , 

(hi) the directional distribution R is Dimroth-Watson with density (3.55) 
and a parameter k. 



The intensity a represents the mean number of burrows per unit vol- 
ume, Er the mean segment length and k the concentration parame- 
ter. The higher k the more vertical are the galleries. The parameter 
Lv = ojEr is the mean length of galleries per unit volume. 
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Figure 3.2. The data set of the soil specimen. Projections on the xz (left), yz 
(middle) and xy (right) planes of the observed earthworm galleries are presented. 
The scale is multiplied by 5 on the last projection. The observed parallelepiped is 
ldmxldmx9dm. 



For the study, a full description of a natural burrow system is available 
to enumerate various sampling characteristics. It was obtained in situ 
using the following method. A face, from a large pit, was rendered as flat 
as possible. A column of soil (1x1x9 dm) was described by destroying 
it little by little and every burrow segment was characterized by the 
three-dimensional coordinates of its extremities, see Fig. 3.2. 

Globally, the structure is non-stationary with gradient in vertical di- 
rection. In order to avoid this problem, cubic subsamples of 1 x 1 x 1 
dm were used assuming local stationarity (i.e. in each subsample). The 
length intensity Ly may then be estimated using (3.20) with uniform 
direction distribution Q = U, i.e. as = ^(B)/t'3(5), where ^ is the 
length measure. An unbiased estimator of a is d = N/uz{B), where N 
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is the number of upper segment points (reference points) observed in B. 
Segments which hit the boundary of the observed colu mn of soil are only 
partially observed. This edge effect causes problems when estimating 
the mean segment length Er. Larger segments have greater probability 
to hit the column than smaller ones, therefore the standard expectation 
estimator (sample mean) fads. We can estimate Er as ^{B)/N which 
is a ratio of unbiased estimators. The parameter k of the directional 
distribution was estimated using standard maximum likelihood method. 

Numerical results are presented (cf. [9]) for the lower cubic subsample 
B (i^ 3 (B) = 1). It is Ly = '^(B) = 15.6 dm“^, a = N = 17dm~®. 
The estimated parameters are Er = 0.91dm and « = 1.13. The pair- 
correlation function of the segment process is expressed by (3.26) as 



p(s,d,(fi) = 1 + 



exp(2« cos^ 0) exp(-s/Er) 
2tt Lys^Uoin) 



Plugging in the estimated parameter values, we obtain the approxima- 
tion 

exp(2.26 cos^ 0) exp(-s/0.91) 

266.7852 • 

Similarly, assuming a projection of the segment system onto a vertical 
hue, we can estimate Ly by (3.20) with distribution Q = 6y,, where v 
denotes the vertical direction in . The pair-correlation function of the 
corresponding induced measure is 

PQ{s,d,ip) = 1-1- ^^^^cos^0exp(2.26cos^0)exp(-s/O.91), 

3 

A discussion of the variances of estimators in this application is left 
to the end of Chapter 3 (Example 3.53). 



3.3. Projection measure estimation 

The random projection measure was defined (see Definition 3.3) by 
means of the integral-geometric measure which is based on the number 
of intersections between a structure and a probe, see (3.5). The variance 
of the projection measure was used to describe the properties of the 
estimators of length (surface) intensity in Section 3.2. 

Consider a surface process $ in R^ (the case of a fibre process is 
analogous). Its projection measure ^q, even in the most simple case Q = 
Su (projection in a single direction it G S^), cannot be measured directly. 
It is usually estimated by using a grid of parallel lines, counting the total 
number of intersection points of the structure with the grid inside an 
observation window and multiplying by the grid element (here the area of 
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Figure 3.3. Intersection of a fibre system by a test line 

a square). Given this estimator tends almost surely to the projection 
measure of the window if the distance of parallel lines (subspaces) tends 
to 0. Often, however, stronger convergence properties are required, e.g. 
convergence in which need not be satisfied in general, as illustrated 
by Example 3.34. 

3.3.1 Convergence in quadratic mean 

We shall limit ourselves to fibre systems in , nevertheless, the reader 
will realize that most of our results can be easily extended to higher di- 
mensions. Let e S'- be fixed; we may assume without loss of generality 
that the coordinate system is chosen so that u hes on the vertical axis 
in Fig. 3.3 and let I = span{u} denote this axis. Let $ be a stationary 
fibre process in with length intensity La- We shall denote for brevity 
the projection measure of $ onto I and, given y 6 I and a 
bounded Borel set 5 c , we denote by 

NyiB) = n^{p;^{y}nBn^) 

the number of intersection points of $ with the line inside B (see 

Fig. 3.3). 

Let Z denote the set of integers and a > 0. For a bounded set B E 
let 

»;(«) = 

iez 

denote the total number of intersection points of $ in B with a grid of 
equidistant lines parallel to the ar-axis, multiplied by the line distance a 
and the constant factor = it/ 2. Obviously, 4 ^“ is an approximation 
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Figure Sf. The segment process #n in Example 3.34 



of the projection measure based on the number of intersections. The 
quality of this approximation is investigated in this Section. 

Example 3.34 Let{kn) be a sequence of natural numbers and (p«) a 
sequence of real numbers from ( 0 , 1 ) such that YlnPn — 1 t^tid Pnkn 
n — >• 00 . Given n € N, let^n be a stationary segment process in the plane 
with segments parallel to the vertical axis, of constant length [nkn)~^, 
arranged in a regular rectangular lattice with vertical edge length 
and horizontal edge length (see Fig. 3.4). Let ^ be the stationary 
segment process with Pr[$ = ^n] = Pn- The length intensities of all 
processes and, hence, also of^, are equal to 1. Clearly, the projection 
measures (^n)u and have intensities equal to tr/2 since all segments 
are parallel to the vertical axis. The grid estimator of satisfies, by 
its construction 

It* probability 

nlu i 1 I Q with probability 1 — k~^ , 

where W is a unit square with edges parallel to the axes. Thus we have 

y[$=*n] 

= Pn [kn + o{n)) , n -> oo. 

Consequently, does not converge to in as a -¥ 0+. 



It is clear that 



lim o.s. 

a— >0+ 



for any Borel bounded subset B C Hence, due to a well known 
measure-theoretic result, the convergence in is equivalent to the uni- 
form integrability of |’5“(5)p, see Proposition 1.2 (analogously for the 
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U’ convergence). We present a sufficient condition for the uniform inte- 
grability. Recall that, given a Borel set 5 C the symbol K-b denotes 
the family of all compact sets in hitting B. 

Theorem 3.35 Let ^ be a stationary fibre process in R^ with primary 
grain (fibre, (WM) rectifiable set) Zq satisfying 

n\Zo < K for a// y G R a.s. (3.57) 

for some constant K > 0, and let further 

E($(X:fl))P<oo (3.58) 

for some p > 1 and Borel bounded set 5 C R^. Then the random 
variables |^2(5)r,o>0, are uniformly integrable and, consequently, 

E|^“(5)-^«{5)|P^0, a^0+. 



Remark 3.7. Note that a stationary Poisson fibre process $ satisfies 
(3.58) with any 1 < p < oo. 

Proof. The key observation is that if4'“(B) > c, then $(/Cb) > [c/K] 
due to (3.57) (here [•] denotes the integer part). Thus we have 



/. 






(<(5))PdPr 



00 . 



{^l{B)YdVv 



n=[^K]''t'^S(B)>c,$(ACB)=n] 

2 °° 

< ~ Y {nKyBv[^{KB) = n] 

7T 

n=[c/K] 

= ^E($(/Cb)p1[$(/Cb)>c/k]) 

and the last expression tends to 0 with c — >• oo due to (3.58). 



□ 



Finally, we present a result from [17] giving the exact rate of conver- 
gence in of under assumptions on the pair-correlation function. 
As above, $ is a stationary fibre process in R^ with length intensity 
and rose of directions R. 



Lemma 3.36 Suppose that B = [0, A] x [0, Y] is a rectangle in 1^ with 
edge of length Y parallel to u. Suppose furthermore that the pair correla- 
tion function of^u has the form (in polar coordinates) 

Pu{s,9) = 1 + ^ +9(9), 

s 



(3.59) 
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where c, g are continuous functions on [— tt, it) satisfying asymptotic equa- 
lities 



c { B ) ~ K ^{ itl 2 — 0)“+ when 6 -¥ tt/2, 

c { e ) ~ K-{e + 7r/2)“- when 0 -tt/2 

for some real constants a_,a+ > 0, and 

g (6) ~ Dj^{it!2 — 0)^+ when 0 -4 tt/2, 

g {0) ~ Z?_(0 + itl ^)^~ when 0 -y — tt/2 

for some real constants /3+,/3- > 0. 

Then the covariance cov (Ny,Ny+z) is continuous at z = 0/or any y. 

Ifa+ > 1, a_ > 1, /0+ > 1, > 1, then the derivative 

exists at z = 0 for any y and is equal to 



y j-tt/2 (0) J-jt/2 



\ 8in(0)_lc^ 
coa2(0) 



d0 



(3.60) 



The proof of the following theorem from [17] is based on the Math- 
eron’s formula for the variance of the estimator under systematic sam- 
pling on the line (see [68]). 

Theorem 3.37 Under the assumptions of Lemma 3.36, if a+ > 1, 
a- > 1, > 1, > 1 then the speed of convergence 



^“(5) $„(5) 



in is given by: 

E (4^2(5) -^„(5))" 
2Ya2 N 



( Ar ^.0 -r 

\ 7-T/2COS2 0 y_^/2 



| sin0|c(0) 
COS^(0) 



d0 I ■+■ o{a^). 



Proof. For o > 0 let Ka be the set of integers in the convex hull of 
the projection of B onto the y-axis and \ Ka \ = card Ka - ^From [68], the 
variance of the estimator fulfills 



cr* := var 



k^Ka ' 



since the covariogram of Ny{B) defined as 

7(z) = variVo(5) - cov {Nq{B), Nz{B)) 
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is differentiable at 0 by Lemma 3.36. Thus 

E (*;(B) - 

Now we apply (3.60) to 7^(0) = - to obtain the asser- 
tion. □ 



3.3.2 Examples 

In the following two examples an application of Theorem 3.37 will 
be presented. Let B C A, be as in Lemma 3.36. If necessary, 
we extend the function to the domain [—tt, tt) by settingp„(5, — 0) = 
Pu{s,0), 6 e [0,7 t). 



Example 3.38 (Poisson line process). For a stationary isotropic Pois- 
son line process in the plane it holds 



pis, 6) = 1 -b 



1 

ttsLa 



and Pu{s, 0) 



1 + 



7T COS^ 9 

AsLa 



In (3.59) we have c{6) = - -f fp" - and g{9) = 0. Since 04 . = a_ = 2, 
KiB) converges in to MB) with 



E($“(5) - 'A!uiB)f = 



4yg^L^ 



+ o(a^), 



see Theorem 3.37, where a is the distance between two section lines. 

For a stationary Poisson line process with probability density h of the 
rose of directions R we have similarly 



Puis, 9) = 1 + 



2hj9) cos^ 9 
sLAJ^'^iu) ’ 



i.e. 



2/i(0)cos2 0 



Example 3.39 (Poisson segment process). Let ^ be a stationary Pois- 
son segment process, cf. Example 3.21, in E^ with intensity a and sup- 
pose that the typical segment length (with distribution D) and segment 
direction (with distribution R) are mutually independent. Let R admit a 
density h with respect to the Hausdorff measure on Lf sing formula 

(3.26), we can express the pair-correlation function Pu of the projection 
measure o/$ in polar coordinates {s,9) E (0, 00 ) x [- 7 r, 7 r) as 



Pu(s,9) = 1 + 



A-Kh{9) cos'^{9)f{s) 
as(Er)2.F|(g) 



where f{s) = — s)D{dt). 
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Finally, assume that the length of segments is fixed and equal to q = Er 
and that the process is isotropic (i.e., ^ ^ [-7r,7r);. Then 

f{s) = q — sifs<q and /(s) = 0 ifs > q. Thus we obtain (La = oiEr) 



Pu{s,6) 



1 + 
1 





for s <q, 
for s > q, 



i.e. c{6) = ^ t^tid g{6) = — for s < q and = 0 !_ = = 

^_=2 in the notation of Lemma 3.36. Theorem 3.37 yields 

B(*;(B) - (t 

when o -> 0+. Strictly speaking, the assumptions of Lemma 3.36 are not 
satisfied since the pair-correlation function p^{s,6) has the required form 
only for s < q. Nevertheless, an analysis of the proof of Lemma 3.36 in 
[17] shows that it is enough to require that pu{s,9) has the required form 
for sufficiently small s > 0; in fact, it suffices to assume that 

Pu{s, 6) = 1 + ^ + g{6) + o(l), s ->■ 0+, [-it, it), 

s 

This extension covers e.g. the anisotropic case with exponentially dis- 
tributed segment lengths (D(r) = l-e-’'/9r,g>0), where 



Puis, 9) = 1 + 



iith{9)cos^{9)e 

sLaJ^r{u)^ 



Putting now e ®/9 = l — | + 0 ( 5 ) the model function Pu is obtained. 



3.4. Best unbiased estimators of intensity 

In this Section, we shall overview some results about the best unbiased 
estimators of the intensity of stationary processes. These results are 
limited to Poisson processes since very little is known so far about the 
comparison of estimators in the non-Poissonian case. The notions of 
sufficient and complete statistics introduced in Subsection 1.2.3 will be 
used. _ 

We start with an easy result. Let $ be a Poisson process on a Polish 
space X with finite intensity measure aA, A being a known finite Borel 
measure on X and a > 0 an unknown parameter. Note that the Poisson 
process is clearly finite almost surely if its intensity measure is finite, cf. 
Subsection 2.4. Then the total number of points of $ divided by N{X), 

T{^) =A{X)-^^{X), 
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is a sufficient statistic for a (indeed, the conditional distribution of $ 
under $(X) = n is that of a binomial process of n independent iden- 
tically distributed points on X with distribution proportional to A, see 
Exercise 2.29). Further, let h be a measurable function on {0,1,...} 
such that Eq/i($(A')) = 0 for any a > 0. Then 

^ /.(n)a” =0, Q > 0, 

n=0 

hence h{n) = 0 for any n = 0, 1, Thus the statistics and, 

consequently, also T{$) are complete. Applying Theorem 1.23 we thus 
obtain the following 

Theorem 3.40 The estimator 

e(5) = A{X)-^^{X) 

is the uniformly best unbiased estimator of the parameter a if ^ is a 
finite Poisson process on X with intensity measure aA, A being a known 
finite measure on X. Further, if e-(^) is any unbiased estimator of a 
parameter function r(a) then 

e,($) = Ea[e($) I ^{X)] 

is the UBUE of the parameter function r(a). 

Consife the particular case when X = W is_a bounded subset of 
and A is the restriction of to IT (thus, $ can be viewed as a 
restriction to IT of a stationary Poisson process in with intensity 
a). Then, Theorem 3.40 says that the number of points observed in IT 
divided by is the best unbiased estimator of the intensity a, which 

is in no way surprising. 

3.4.1 Poisson line processes 

Consider now another application. Let X be the set of all lines in 
intersecting a bounded window IT C R^ with i^{W) > 0, and let 
A = /i2 I be the restriction of the motion invariant measure p2 (see 
(2.42)) from the space of all lines to X. Let $ be the restriction to A of a 
stationary isotropic Poisson line process $ in R^ with intensity measure 
aA. Theorem 3.40 says that the total number of hues intersecting IT 
divided by P 2 {X) is the UBUE of the intensity a. We recall that 
equals the mean width of IT if IT is convex. 
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Note that the intensity a may also be viewed as the length intensity 
A of the measure ’I' induced by the line process $ by means of (2.44). 
The considerations mentioned above can be summarized as 

Corollary 3.41 The total number of lines of o stationary isotropic 
planar Poisson line process hitting a bounded window W divided by the 
constant P2{X) 

e($) = p 2 {X)-^^X) 

is the best unbiased estimator of the length intensity of the induced ran- 
dom measure. 

It was observed already by Ohser [84] and Baddeley and Cruz-Orive 
[3] that this estimator, e(^), has lower variance than the natural “length- 
measuring” unbiased estimator 

i/i(L n IT) 

though e($) uses only “0-dimensional” information about the process. 
If the isotropy assumption is dropped but the direction distribution R 
of the process ^ is known, we have to divide the number of li nes by 
another constant, 

Jui{yeL^:{L-^y)nW^ilt} R{dL). 

The situation becomes much more complicated if the direction distribu- 
tion is unknown. Then we have to consider the “large” parameter space 
of pairs (a, i?), where a > 0 and 7? is a probability distribution on £i. 
This was considered in detail by Schladitz [98] who obtained the follow- 
ing results (these were formulated more generally for Poisson fc-flats in 
the basic idea can, however, be seen in our setting). First, note that 

= P- 61 ) 

is an unbiased estimator of A (ppxW denotes the orthogonal projection 
of W into the orthogonal complement of F), cf. [32]. Here e($) is a 
weighted estimator where the weights are inversely proportional to the 
probability of a lin e to be included in the sample. 

Thus, due to Theorem 1.23, it is enough to find a sufficient statistic 
for (a, R) in order to get a UBUE for a (and R). Consider now the 
experiment {CuB{Ci),{R : R 6 7^)), where 72. is a subset of Borel 
probability measures on Ci. Suppose that there is a statistic T on £i 




84 



STOCHASTIC GEOMETRY 



sufficient for R E TZ. T is called power sufficient if for any n € N, the 
n-th tensor power of T, 

is sufficient for the n-th power i?" (i.e., w.r.t. the experiment (£y, S(£”), 
(i?"' : R&TZ)). (Note that the power sufficiency is implied by the suffi- 
ciency if the distributions i? € 72. are dominated by a <T-finite measure.) 

Lemma 3.42 If T is a power sufficient statistic for R E IZ then the 
statistic 

is sufficient for (A, i?) (we denote here by Li, . . . , the lines of the 

process $ shifted to the origin). 

Proof. We have to show that the conditional distribution of $ given 
iS'($) is independent of {a,R). We can condition first by ^(.Y) = n, 
getting a distribution on (.Fi)" given by 

E«.fl[/($)|$(X)=n] 

= C •••/ / •••/ f{Ll+yi,---,Ln + yn) 

Jci JCiJpj^±W -IPlxW 

i^i(dyn) • ■ • ui{dyi)R(dLn) ■ ■ ■ R{dLi) 

with a constant c depending on the window W. Since T is power suf- 
ficient for i? e 72, the subsequent conditioning by T = f will yield a 
distribution independent of i? € 72. □ 

Note that the completeness of the statistic T (for € 72) implies the 
completeness of the statistic 5($) for (a, 72), a > 0, ii G 72. 
Conditioning the estimator (3.61) by S, we get 

Theorem 3.43 ([98, Theorem 1]) LetT be a statistic on C\ which is 
complete and power sufficient for 72 6 72. Then 

is the UBUE for the length intensity X of a stationary line process 
observed in a bounded window W with unknown direction distribution 

72 6 72. 

Another possible application of Theorem 3.40 concerns Poisson par- 
ticle processes (cf. [82]). 
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3.4.2 Poisson particle processes 

Let $ be a stationary Poisson process on K' with intensity measure A 
satisfying (2.31). Due to (2.35), A disintegrates into the intensity a > 0 
(unknown parameter) and the primary grain distribution Aq which is 
assumed to be known. 

Further, let X C K/ he a measurable subset with 0 < A(A") < oo. 
Denote $ = $ | X the restriction of $ is a finite Poisson process on 
X with intensity measure A = A | X. Applying (2.35) to the function 
lx/, we get the following factorization of A: 

f f{K)A{dK) = af [ f{z+Ko)dzAo{dKo), (3.62) 
Jx Jk'q Jw(Kq) 

where W{Ko) = {z : z+Kq 6 X} C lR?*and /is an arbitrary nonnegative 
measurable function on X. Due to (3.62) we can write 

A — aA 

with a finite known measure A on X. Thus, we get as a consequence of 
Theorem 3.40 

Corollary 3.44 The estimator 

e($) = A(X)-^$(X) 

is the UBUEfor the intensity a of a stationary Poisson particle process 
among all^estimators using the information on particles from X. Fur- 
ther, ife{^) is an unbiased estimator of a function of intensity r(a), 

thpTl 

e.,($) = Ea[e($|$(X)] 

is the UBUE of t{q) among all estimators using the information on 
particles from X. 

Consider the following particular examples for the choice of the set 
X. Let W C be a bounded set (observation window) of positive 
Lebesgue measure. 

1) Denote 

Xx = {K€)C' : c{K) eW} = {c-hKo:ce W,Kq € (3.63) 

i.e. the set of aU particles with reference points in W. We have 
W{Ko) = W for any Kq and, from (3.62), 

A(Xi)=aA(Xi) = ai/d(W). 
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Figure S. 5. An example of a realization of a stationary Poisson segment process in 
a planar window W with distinguished reference points. 



2) Denote 

X2 = {K €)C' -.KnW (3.64) 

(the set of all particles hitting W). We have W (Kq) = W ®Kq (the 
dilation of W by Kq) and, again from (3.62), 

A(X2) = aA(X2) = oEudiW © Zq), 

Zo being the (random) primary grain. 

3.4.3 Comparison of estimators of length 

intensity of Poisson segment processes 

In this subsection we consider the particular case of a stationary Pois- 
son segment process in Segments are denoted by a and each segment 
is determined by its reference point c(a) (e.g. the lexicographic mini- 
mum), length r > 0 and orientation L € £i (see Subsection 2.8). A sim- 
ulated realization of a segment process in the plane is shown in Fig. 3.4.3. 

The length intensity A of the stationary segment process $ (2.40) is 
a simple function of the intensity a, A = aEr and, consequently, we 
can apply Corollary 3.44 to find the following uniformly best unbiased 
estimators of A: 

1) Considering the set Xi in (3.63) of all segments with reference point 
in the observing window W, we get the estimator 

^ $(Xi)Er 

MW) 

which is UBUE among aU estimators based on the data from X\. 
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2) Considering the set X 2 in (3.64) of all segments hitting W, we get 
the estimator 

^ ~ Ei^aiW © Zq) 

which is UBUE among all estimators based on the data from X^. 

Of course, varA 2 < var Ai since Xi C X^. 

We consider also a natural length intensity estimator 

= ( 3 . 66 ) 

which is based on measuring the segment lengths in W. Since Xg be- 
longs to the family of estimators based on information from X 2 we have 
varAa < varA^. It is, however, not possible to compare in general the 
estimator A^ with Ai since these estimators are based on different data. 
The variances of these two estimators can be computed explicitely by 
means of Lemma 2.20; for a comparison in some particular cases, see 
[82]. 



Lemma 3.45 We have, for i = 1,2, 



varAi = 



a(Er)^ 

Wi) 



Proof. Using Lemma 2.20 and (2.38) we get for i = 1,2 

= / [ dzAo{d{r,p)) 

JCiX{O,oo)Jwdr,0) 

a(Er)2 

A{Xi)' 

where Wi{r,P) = {z : 3{z,r,^) € XJ. □ 

Lemma 3.46 For the estimator (3.65) it holds 

var Xg = J 1/1 (s n W)^A(dfi). (3.66) 



Example 3.47 The formula for the variance in Lemma 3.46 was cal- 
culated explicitely in the case of a planar stationary Poisson segment 




88 



STOCHASTIC GEOMETRY 



process with mutually independent typical segment length r and orienta- 
tion P (we represent here one- dimensional subspaces P by angles from an 
interval [0, it)). Assume that the fourth moment of the segment length is 
finite and consider a square window W of edge length a. In such a case 

var Xi 

= - •^aEr^E(sin |/3| + cos \f\) + ^Er^E(sin \P\ cos \f\) 

As a consequence we get 

Theorem 3.48 Let ^ be a stationary Poisson segment process in 
with independent typical segment length and orientation and let the typ- 
ical segment length r have a finite fourth moment. Let W be the obser- 
vation window from Example 3.47. Then there exists an oq > 0 such 
that 

var Ai < var for any a > ao- 

Moreover, the limit 

varAi (Er)2 

a->oo Y3J- Er'^ 

is less than 1 unless the segment length r is constant almost surely. 

It follows that in this particular case, the estimator Ai is asymptot- 
ically better than Xi. The value of the bound oq for the window side 
length was computed explicitely for some particular length and direction 
distributions in [82]. 

Exercise 3.49 Prove Lemma 3.46. Hint: Use Lemma 2.20. 

3.4.4 Asymptotic normality 

Consider a 'H*'-process $ satisfying (3.1) and (3.15) which induces a 
random measure = Tq$ for a given probability distribution Q on 
see Subsection 3.1.4. Recall that 

Xq = oEXj^iZo) (3.67) 

is the intensity of where a is the intensity and Zq the primary grain 
of 

We are interested in asymptotic properties of intensity estimators dis- 
cussed in Subsection 3.4.2, especially in conditions under which asympto- 
tic normality holds. Let a nondecreasing sequence (ITn) of convex bodies 
be given with inradii growing to infinity. In the case of a Poisson point 
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process $ it is not difficult to verify that the central limit theorem for 
the ratio ^ q{Wn) / Ud{Wn) is valid under mild assumptions. 



Theorem 3.50 If 



then the convergence 



T = EIJ(Zo)2 < 00 



(3.68) 






n ->• 00, 



holds with (7g = ar. 

Proof. We present a sketch of the proof, details are left to exercises, 
see also [88]. Denote 

Combining the factorization (3.62) with (2.14), the characteristic func- 
tion of the random variable Sn can be expressed as 

= exp ^aE J - 1 - f G K, 



where 



V( , X^((^0 + ^)nWn) 

It can be shown (cf. Exercise 3.54) that 



a J Ey„(z)^ dz -> Cq, n ->■ 00. 



(3.69) 



To obtain the desired convergence of the characteristic function of Sn, 
it remains to show that 



— E ^ 



1 - itYn(z) + ~ ^2^ ~ ^ d« -i 0, n ->• oo 



(cf. Exercise 3.55). 
The ratio 






^Q(tyn) 

MWn) 



(3.71) 
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is, according to Theorem 3.50, a natural unbiased estimator of the in- 
tensity \q. Therefore if 'KLq{Zq)^ < oo then for n -4 oo 



- Xq) 4 N{0, al). (3.72) 

Another unbiased estimator of A arises from the results of Subsec- 
tion s:ppp. It requires KLq(Zo) to be known. Then it suffices to estimate 

. _ 6 r : 4K) e W„)) 

where c(if)is the reference point of Af (see Subsection 2.8). ^From 
Corollary 3.44 it follows that for any fixed n and for known EZg(Zo), 

Ai,n “ ^l,nEXg(^o) 

is the uniformly best unbiased estimator of A among all estimators based 
on the information on K E )C' with c(K) 6 Wn- 

Theorem 3.50 yields the following special result for the estimator Aq„: 

Corollary 3.51 Under the assumptions of Theorem 3.50, 

VMWn) (Ai,n - a) 4 N(0, af), (3.73) 

where a\ = a[EJj(Zo)]2. 

Choosing Q = U (uniform distribution over central limit the- 
orems are obtained for Hausdorff measures over the Boolean models 
formed by Poisson H*-processes. 

Consider a stationary Poisson segment process $ with intensity a 
and let ^ be again the induced random measure with length intensity 
A = ccEr with r = 'H^{sq) where Bq is a typical segment. Assume that 
Er^ < 00 . We get from (3.72) that for n oo 



{kn - a) 4 N{Q,aErk 



where 



^ I'diWn) 



is the natural length intensity estimator considered in (3.71). We can 
apply Corollary 3.51 also to get the asymptotic variance of the UBUE 
estimator of A, 



Ai.n — 



A[c(a)eWn] p 

^diWr,) 
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Figure 3.6. The estimators Ai,n (solid line) and their 95% approximate confidence 
intervals (dashed lines) as functions of n. 

assuming the mean length to be known: we have 

(Ai,n - a) 4 iV(0,a(Er)2). 

These fomiulas tell again (even more generally than in Theorem 3.48) 
that the estimator Ai_n is asymptotically better than A^^„, unless r is 
constant almost surely. 

Example 3.52 The asymptotic normality is used in statistics for the 
construction of approximate confidence intervals for estimated parame- 
ters. A single realization of a stationary Poisson segment process in 
was evaluated in windows of increasing size Wn = [— n, n]^. The length 
and orientation of segments was independent with marginal uniform dis- 
tribution R and uniform length on [0,o]. For a = 10, a = 1 the behavior 
of the estimators Ai,n and A^^„ is drawn in Figures 3.6 and 3.7. Formu- 
las for confidence intervals are derived in [88]. Observe that confidence 
intervals are broader for A;^„. 

Example 3.53 This example is a continuation of Subsection 3.2.3, where 
a pattern of an earthworm burrow system in a soil was studied. Un- 
der the assumption that the model of Poisson segment process is valid 
we can apply the theory of UBUE from this section. Recall the nat- 
ural estimator (3.65) of length intensity presented in Subsection 3.2.3 
(Uy = Af = 15.50J. In Subsection 3.4.3, we learned that the count- 
ing estimator Lv = Ai is UBUE among the estimators based on seg- 
ments with reference points within the window (here cubic subregion) 
observed, provided that the mean segment length Er is known. This 
estimator is asymptotically better than Uy with increasing window size. 
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Figure 3.7. The estimators Xi,n (solid line) and their 95% approximate confidence 
intervals (dashed lines) as a function of n. 



Under the assumption of exponentially distributed segment length it holds 
Er^ = 2(Er)^ so the asymptotic variance of Ly is twice larger than that 

of Ly. 

We are not able to evaluate varXv since Er is unknown. Using the 
estimator of Er in place of the true value is not allowed here since it 
leads to coincidence of both estimators. ^Erom formula (3.66) we obtain 
(after numerical integration) vai Ly ~ 18.7. 

Exercise 3.54 Derive the convergence (3.69) in the proof of Theorem 
3.50. 

Hint: apply Lemma 2.20 to the functions f{K) = g{K) =Iq{{K + i;) fl 
Wn), K G use assumption (3.68), the fact that 



MiWn-x)r\(Wn-y)) 



for every a;, j/ € 



and the Lebesgue dominated convergence theorem. 



Exercise 3.55 Prove formula (3.70) in the proof of Theorem 3.50. 
Hint: Apply the inequality 



— 1 — itx 4- 




^ t X l{|i|>e} 4 



ea;2|i|3 

6 



valid for e > 0 and t,x eR. 
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VERTICAL SAMPLING SCHEMES 



The stereological concept of measurements in a sample of lUR sec- 
tions is often hardly applicable in practice, especially in metallography. 
Therefore, another method was developed which consists in choosing a 
fixed direction called vertical and carrying out the measurements in a 
sample of planes containing the vertical axis (vertical planes). This idea 
goes back to Baddeley, Gundersen and Cruz-Orive, see e.g. [1], [4], and 
was later developed by Gokhale [36], [38], [39]. 

In this chapter, we focus mainly on random fibre- and surface sys- 
tems again, nevertheless, particle processes are considered as well. The 
properties of various estimators of geometrical characteristics obtained 
from the vertical sampling design are studied. Further applications are 
presented in Chapter 6. 

Both the model-based and design-based approaches are considered, 
since our aim here is to explain their relation. The model-based approach 
is based on stochastic models of objects as described in Chapter 2. In 
the design-based approach deterministic systems of geometrical objects 
are studied and randomness enters through probes. 

Throughout this chapter we shall consider a random fibre or surface 
system H in which is a special case of the random introduced 

in Chapter 3. In fact, most results can easily be extended to a general 
0 < A: < d, nevertheless, with respect to its better illustrativity, we shall 
limit ourselves to the cases A: = 1, d — 1. 

In the model-based approach, recall first Section 3.2. In formula 
(3.20) and further in Proposition 3.4, estimators of intensity are sug- 
gested which depend on the unknown rose of directions. As already 
mentioned, there are two ways how to overcome this problem: 
a) to randomize the sampling orientations. 
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Figure 4.1. lUR plane in R® with normal direction u = {6, ip). 



b) to estimate the rose of directions using methods of Chapter 5. 

The strategy a) commonly used will be discussed in this chapter. 
Classical global stereological formulas (e.g. Vy = Aa for volume and 
area fraction, Sy = 2Fl for surface intensity, etc.) based on Crofton 
and Cauchy formula, cf. Subsection 1.1.4, make use of isotropic uniform 
random (lUR) probes. In the design-based approach they are described 
in [118]. In the model-based approach under the assumption of sta- 
tionarity, lUR means the uniform distribution of orientations of probes. 
In the following we shall distinguish between the isotropy of a random 
probe and the isotropy of a random set or a random process as defined 
in Chapter 2. 

To realize lUR sampling in practice means to cut the specimen in 
isotropic orientations, i.e., the section plane is chosen with a uniform 
random normal direction u, see Fig. 4.1. In practice, this may be a dif- 
ficult task, sometimes even technically impossible (for hard materials). 
The difficulties persist in spite of the existence of the theory of system- 
atic sampling on the sphere that has been developed recendy, see [44]. 
They can be overcome, however, at least in some practically important 
cases, e.g. when fibre and surface processes are investigated. A test sys- 
tem achieving this goal is the so called vertical uniform random (VUR) 
sampling. This consists of probes chosen uniformly randomly parallel to 
the given vertical direction. 
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Consider the partieular ease d = 3 and recall Table 3.2. For an un- 
known rose of directions, an unbiased estimate of intensity using VUR 
direct probes is impossible. In the case of indirect probes the situation is 
different, since then, in fact, two-stage sampling is involved. As wiU be 
shown in this chapter, using VUR probes in the first stage and a suit- 
able sampling Q in the second stage, unbiased estimators of intensity 
are available, cf. [4], [36]. 



4.1. Randomized sampling 

First it should be specified what is meant by the randomization. In 
general, an arbitrary probability distribution of the positions of test 
probes is called randomization. When stationarity of the random (fibre 
or surface) system is assumed, it is sufficient to consider rotations (and 
reflections) of test probes only. In this sense, a distribution Q in the 
definition of a projection measure (Definition 3.3) is a randomiza- 
tion (of projection directions). In the following, however, a more special 
notion of randomization is considered. The intensity estimators defined 
in Chapter 3 depend on an unknown rose of directions R. By the ran- 
domization we shall mean a distribution of test probes which leads to 
an estimator independent of R. While in the case of direct probes this 
concerns Q in (3.20) only, in a two-stage sampling a special combination 
of Q and a distribution of v in (3.45) is needed. 



4.1.1 lUR sampling 



The 

probes 

tensity 



randomization by means of lUR probes in the case of direct 
is simple: taking Q = U uniform in (3.20) we obtain the in- 
estimator 



i-SiSL 

MB) 



(4.1) 



with variance 



var A = 



(4.2) 



Both formulas are independent of R while formula (3.22) is not since PQ 
depends on R. Thus, lUR direct probes are theoretically equivalent to 
the direct measurement of the fibre length (surface area) in the original 
space. This is frequently impossible in applications and stereological 
methods are used. The value '^{B) in (4.1) is approximated by inter- 
section counting, cf. Fig. 3.1 (a), (b). If An denotes the intensity of the 
number of intersections of the stationary fibre (surface) system with a 
uniformly randomly rotated test hyperplane (line, respectively), we get 
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by means of (3.3) and Theorem 3.1 

In since 0s = ^, this leads to the well-known formulas 

Sv = Ly = 2P^, (4.3) 

Pli Pa being the mean number of intersections per unit length of lUR 
test line (intersecting surfaces), per unit area of lUR test plane (inter- 
secting fibres), respectively. In practice a single lUR test probe leads to 
an unbiased estimator. 

Now consider indirect probes. While in Proposition 3.4 the orientation 
V of the probe is fixed, here it is random with a uniform probability 
distribution on This together with Q uniform is called again the 

isotropic uniform random (lUR) sampling. In the following, we shall 
write V = V*" (the subspace perpendicular to v) and By will be a Borel 
subset of V of positive finite Lebesgue measure independent of V (for 
example, we can choose By = Sp D V, where Bp is the ball in with 
centre in origin and radius p > 0). The lUR intensity estimators based 
on indirect probes are 

- lUR ^ j lUR ^ u 

where 

a - 

0 d-i r((d - i)/2)r((d + 1)/2) ’ 

in particular, pa = f . 

Proposition 4.1 The estimators (4.4) are unbiased. 



Proof. Let the projection measure be induced by a stationary 
random surface system. Then we have for a fixed direction v G 
hy (3.44) 

E^^iBy) = SdgR{v)ua^,{By), 



SO that 



g^IUR ^ E(E^»^(^v) I v) ^ ^ 



Pd'^d-l(-Sv) 
Analogously for using (3.41). 



-EGRiv) = Sd. 
Pd 



□ 



Remark 4.1. Note that assumptions (3.42) and (3.46) are clearly sat- 
isfied for almost all directions u G 
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Remark 4.2. For d = 3 it is //3 = | and the estimators in (4.4) 
correspond to the stereological formulas 

Sv = -La, Ly — --La- (4.5) 

7T 7TE 

Exercise 4.1 Show that Qu{v) = for all V e 3**“^ 

4.1.2 Application - effect of steel radiation 

To demonstrate lUR intensity estimation together with an application 
of the cross-correlation function, see Subsection 2.5, a real data analy- 
sis follows. Microstructural defects in materials are usually modelled in 
terms of point, fibre or surface systems. Dislocations are geometrically 
fibres in 3D space and when observed on a projected slab they form fi- 
bres in 2D space. In addition to the dislocations length intensity (called 
dislocation density by engineers), the arrangement of dislocations, de- 
scribed by the parr-correlation function, is an important characteristics 
of the dislocation substructure which reflects the prior treatment of the 
material. 

In a ferritic reactor pressure steel, in addition the relation of a disloca- 
tion substructure to both homogeneously distributed precipitate parti- 
cles and heterogeneously formed radiation-induced defects can be stud- 
ied by means of a cross-correlation function defined in (2.22). 

In Fig. 4.2 the weld metal microstmctures are presented as obtained 
by the transmission electron microscope (TEM) projection of a thin slab 
(foil). The difference between the two micrographs of CrMoV steel is 
that the middle microstructure comes from a metal irradiated by fast 
neutrons in a nuclear reactor. This leads to a formation of extended 
defects which concentrate to dislocation substructure. Simultaneously, 
the recovery of a dislocation substructure can occur; the dislocations 
move and become pinned to existing particles. The conjecture is that 
in this state the correlation between two substructures is stronger than 
in the non-irradiated case. In addition, another specimen was selected 
(Fig. 4.2 right) as an example of a microstructure where dislocations 
are the dominant nucleae centres for precipitated particles. Here the 
strongest correlation is expected. 

In our example, dislocations are modelled by a stationary fibre process 
with the corresponding length measure The length intensity Ly of ^ 
is estimated by (4.4) based on indirect probes where t is the slab thick- 
ness. In fact, formula (4.5) is applied and the estimate of La is obtained 
by measuring the length of observed fibres using an image analyser. 

Consider the point process of particle projection centroids and the 
fibre system of dislocation projections, and let denote the cor- 
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Figure 4-2. Micrographs of CrMoV ferritic steel, non-irradiated (left), CrMoV ferritic 
steel, irreidiated (middle), Zr-lNb weld alloy (right). 



material 


estimated Ly \nm ■'] 


slope SI 


CrMoV steel, non-irradiated 


74 




CrMoV steel, irradiated 


160 


hb 


Zr-lNb, non-irradiated 


40 


■Bl 



Table 4-T Results of the study of correlation between two substructures of steels 
under different conditions 



responding induced random measures. The cross-correlation function is 
used in the form derived from the ^T-function 



Pi,2(r) 



1 dJfi,2(r) 

2irr dr ’ 



where from (2.22) 

i^i,2(r)=X;i.2(5,(0)). 

The estimation procedure was based on these formulas, cf. [86]. 

The quantitative criterion is based on the estimated slope SI of pi,2 
at the origin: the more negative slope, the larger correlation between 
substructures. Results in Table 4.2 involve estimated intensities and 
slopes. They confirm that the cross-correlation function is a useful tool 
for a basic description of relations in a mixed population of objects. 
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V 



X 



Figure 4-3- VUR plane V in H.® with normal direction v. 



4.1.3 VUR sampling 

An ingenious randomization for indirect probes is represented by a 
vertical uniform random (VUR) sampling design. Consider a fixed di- 
rection V € called vertical, and define the class 93 C Cd-i of hyper- 
planes containing the given direction v. Elements V € 93 are determined 
by their normal directions v G C v*", V = 

Thus, the distribution on the vertical plane V = U"*" € 93 is determined 
by means of the distribution of its normal direction v G C v^, see 
Fig. 4.3. (As in Subsection 3.2.2, aU distributions on the unit spheres 
are even since they represent distributions on the corresponding spaces 
of one-dimensional linear subspaces.) Correspondingly, the uniform ver- 
tical plane distribution is the distribution of V = W'*’ with uniform dis- 
tribution of u G gd-2 

C V*". We shall use the notation L/y for both the 
uniform vertical plane distribution and for the uniform distribution over 
the sphere C v-*-. 

In the first stage, consider (i) in the case of a surface system S a 
uniform random element V G 93, (ii) in the case of a fibre system H a 
thin slab of thickness t parallel to a uniform random vertical plane V. 
Then, respectively) is the induced process in according 

to Subsection 3.2.2. The special case of Q in the second stage which, 
together with VUR probes, yields the desired randomization is described 
in the following theorem. 

Theorem 4.2 Let 3 be a stationary random fibre (surface) system in 
and assume that a bounded measurable window Bv is given in any 
vertical plane V G 93 that (Bv) > 0 independent of V and the 
mapping V^Bv is measurable. Let be the probability distribution 
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on ^ C V given by 

Qv(duj) = ^-^/Ltdlsin ^(ty, v)|?7v(du;), (4-6) 

where Uy is the uniform distribution over C V. IfVis a uniform 
random vertical plane, then 



respectively. 



E(E<>^^(Bv) I V) 

(-By) 

(^v) I V) 

PdJ^d-l{By) 



(4.7) 

(4.8) 



Note that Qy is indeed a probability distribution. The proof of The- 
orem 4.2 is based on the following integral-geometric formula: 



Lemma 4.3 For any nonnegative measurable function h on 
have 



[ h{u)U{du)= [ f /i(u)Q^(du)[fv(dV), 
y<3j ys«'-2(v) 



S'* ^ we 



where U denotes the uniform distribution over S'* ^ . 



Proof. In the proof of the lemma, c will denote a constant depend- 
ing on the dimension d only and it may differ from one expression to 
the other. Using the coarea theorem (Theorem 1.6) for the spherical 
projection 

.. ^ Rd-2/ 



4>:uyA 



IIPv^uI 



r, «6S"-^(V)\{-v,v}, 



with Jacobian J^_ 3 <p{u) = jsin •<)[(u, v)|'* ^ (see Exercise 4.5), we get 
[ h{u)Ql> (du) = c f /i(u)l sin <):(«, v)l'?{'*~^(dtt) 



/ 



/i(u)| sin ■<)[(«, v)!** ^'H^{du)'H'^ ^(d/)- 



®(Vnv^) 4Si(span {v,/}) 



/d-3/ 



The measure 



Gh4 y?^'*-3(Gns'*-®(vnv^))£/v(dv) 
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is rotationally invariant on thus it is a multiple of the uniform 

distribution U-v on Consequently, the right hand side of the 

equality to be proved is 



■f f 



§d-2(v±) 7S*(span {J,v}) 



/i(u)|sin u)!** '^'H^{du)'H^ 



Applying again the coarea formula to the spherical projection i/) defined 
as 4> above but on the whole \ {— v, v}, with Jacobian = 

I sin we get that the last expression is equal to 



c [ h{u)'H'^ ^(du). 

Thus, we have proved the desired formula up to a constant. But the 
total measure on both sides is clearly one, hence the proof is finished. □ 



We proceed now to the proof of Theorem 4.2. 



Proof. First, note that (3.42) is satisfied for almost all horizontal di- 
rections V E C V*-. Due to the first two formulas in Proposition 3.4 
and the relation = pd it suffices to prove that ETrq^ = Pa- Using 
Lemma 4.3 we get 

= f J^RQ^^UAdV) = [ [ | COS ^(u,to)|U(du)i?(dn;) 

Jfo Js<i-1 Jsd-1 

and since the inner integral on the right equals Pd for tho whole 

expression equals Pd- □ 

The measure ) involves both sampling stages: S*’ (S"’‘) is 

the induced random set after the first stage, then the induced struc- 
ture is projected with respect to projection orientation distribution. We 
shall see later that in the projection measure ) can be ap- 

proximated by means of the number of intersections of the induced fibre 
process (in both cases) with appropriate cycloidal test hues. 



Corollary 4.4 Unbiased intensity estimators for Sd and Ld using VUR 
probes are 



2^ VUR _ 



-•d — 



tpd^d-\{Bv)' 



gYllK _ 



R-d^d-liBp)' 



(4.9) 



respectively, using the notation from Theorem 4.2. 



Practical use of the suggested estimators will be described in the 
design-based approach in Subsection 4.2. 
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Exercise 4.5 Derive the formula 

Jd-2^L(v) = I sin 

for u = L € jCd_i, for the spherical projection 

ttl: -4-LnS‘^-^ = S‘'-2(i). 

4.1.4 Variances of estimation of length 

The variances of intensity estimators under randomized sampling have 
a general form 

varAd = varE(Arf | v) + Evar(Ad | v). ( 4 - 10 ) 

In (4.10) the first term on the right hand side is the variance of condi- 
tional expectation of A given the probe orientation v. The second term 
is the expectation of the variance of A conditioned by a fixed probe v. 
Note that in the VUR sampling for R rotationally symmetric around 
the vertical axis the first variance term is zero for the estimator (4.9). 

Consider the length intensity estimators (4.4) and (4.9) 

for a stationary random fibre system H observed in a (projected) slab of 
thickness t, with direction distribution R. The first term in (4.10) can 
be easily expressed as a function of the direction distribution R of S: 

Proposition 4.2 Eor a stationary random fibre system S in R** satis- 
fying 

R{{-v,y})=0 ( 4 . 11 ) 

we have 



VB.vE{Lf^\v) = Lj^^^varGRiv), 
var E(Lyu^ | v) = , 

where the variance is understood with respect to an isotropic uniform 
random vector V £ in the first equation and with respect to the hor- 
izontal uniform random direction v G C in the second equation. 

Proof. The formulas are based on Proposition 3.4. Assumption (3.46) 
is always satisfied for almost aU lUR directions v and using (4.11) we 
get easily that (3.46) is fulfilled also for almost aU horizontal directions 
V ± V. The formulas from Proposition 3.4 yield 

Ai-iE^’'’^(Sv) = tv^^i{B\))TiaJvLd^ 

(5v) = Xrf. 
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Note that = Gr{v). 



□ 



The second variance term, Evar (Evar depends in a more 

comphcated way on the second order distribution of the induced random 
measures , respectively), see Proposition 3.8. 

Example 4.6 Wie shall present some particular results for the case when 
$ is a Poisson line process and the probe Bp a ball in V = U"*" of radius 
p. Applying the results from Subsection 3.29, especially Equation (3.51), 
we can write 



var 1 v) = 






'd-l 









(4.12) 

since = I3d-x for any w E ^ (Z (the function J]d-i is 

defined in (3.33)). Similarly, for the VUR estimator we get 



var(Ly^^lv) = 



2Ld 



I(«,v)|i2(dn), (4.13) 



under assumption (4.11) (almost surely no line is parallel to the vertical 
axis). Applying the expectations to the equations (4.12) and (4.13), we 
get the following formulas for the second terms in (4.10).- 



2Ld 



with 



Evar 1 ^) = ZJ—^Cdit/p) (4.14) 

^ |(«,v)|17(dv) 



Cd{t/p) = ^ r)d-x ^ 

(independent of uE and 



Ppd-\f^ 
t| tan <):(t4,u)|' 



2p 



(4.15) 



\{u,v)\Uy{dv)R{du). 



Remark 4.3. It was observed in [5] that while the expectation 
Evar(Z(J^^ | u) is a consistent part of the variance of the estimator 
(in the sense that it tends to zero when the radius of the window tends 
to infinity), varE(L|[y^ | u) is an inconsistent part. This drawback dis- 
appears, when we consider a number (growing to infinity) of lUR probes 
instead of a single one. 
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4.1.5 Variances of estimation of surface area 

For the intensity estimators (4.4) and (4.9) of a stationary random 
surface system S in R** we apply again (4.10) 

var = var E(5^^^ | u) + Evar (5^^^ | v ) , 

var = var \ v) + Evar (5^^^ | u), 

where, again, the expectation and variance is taken with respect to the 
lUR vector v € 8*^“^ in the first case and with respect to the uniform 
horizontal random vector v G C v*- in the second case. The vari- 
ances of the conditional mean values can again be easily expressed by 
using Proposition 3.4: 

Proposition 4.3 For a stationary random surface system S in R'* we 
have 

varE(5jU^ I u) = S'j/J^^var C?^(?;), 
varE(5jU^|v) = 

The conditional variances can again be expressed by means of the 
reduced second moment measure of the section random measures. In 
particular, we get by applying Theorem 3.8 

I (4-w) 

varCSjO"^ I «) = J 9Bv(l)(Pgt(j:) - l)dl, (4.17) 

provided that the pair-correlation functions of and Pq, of ’5g» 
exist. Again, more specific results can be obtained for a Poisson hyper- 
plane process. 

Example 4.7 Let ^ be a stationary Poisson hyperplane process with 
normal direction distribution R and Bp — Bp a ball of radius p. Then, 
applying (3.53), we obtain 

Evar (5^^ I u) = (4.18) 

Evar(5j™|y) = ^^^E f (4.19) 

ttI 3\ p J |sin^(u,u)| 

Remark 4.4. Note that the part Evar (5^ | v) of the variance of 5^ 
is a multiple of the ratio Sj/p for both (lUR and VUR) estimators. 
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whereas the part var ES'^ is a multiple of and does not depend on the 
probe size. The bounds for vaxQjt(v) (v € isotropic random) are as 
follows: It is var Sr(v) = 0 for 7? = U and meixjj var ^r(v) = ^ for 

R = Suo, uo E arbitrary; in particular, maxfl var^R(w) = § - = 

0.0498 in dimension d = 3. 

Further exphcit and numerical results are obtained for the most im- 
portant special case d = 3. Consider a stationary random surface system 
H in with intensity Sd = Sy. Let the z-axis be the vertical axis, i.e., 
V = (0, 0, 1) in the coordinates, and let horizontal directions v e v'- be 
parametrized by 



u = (cos^,sin^,0), ^6(0,7 t). 

For fixed a halfcircleof C V = can be parametrized as 

(— sin ^ sin a, cos ^ sin a, cos a), a 6 (0,7 t), 



where a is the angle between ^ and the vertical axis, and the distribution 
Qy is then described as 

Qy(da) = ^ sinada. (4.20) 

A 

In view of this representation, we shall write often instead of 

respectively. 

We shall represent unit vectors it G in spherical coordinates 

It = (cos V? sin sin <p sin 0, cos 6 ) , 



(p G [0, 27t) being the longitude and 6 G (0, tt) the latitude. Correspond- 
ingly, the distribution R will be considered as distribution lt(d(0, ip)) on 
(0,7t/2] X [0, 27t) (remind that R was even on the sphere). 

If u G V, (i.e., (p = ^ ± 7t/2), then the value IFq*(u) depends on the 
latitude of u only and equals 






COB a+a sin a 



2 > 

— cos a+(ir-a) sin a 
2 



1 



a G (0,7t/2], 
a G [7r/2,7r). 



For a general u = (0,(p) G we have IFq*(u} = |pv^^l>^Q|(7i'v^*) (remind 

that Try denotes the spherical projection onto S^(V)). For ^ = 0 we have 
pvu = (O,sin^sin0,cos0), Ipv^l = \/l - cos^^sin^^. Thus, 

•^< 35 (^ 7 ^) = ^ (cos0 + lsin<p|sin0arctan|tan0sin(p|) , (4.21) 
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Figure 4-4- The function ip from (4.24). 



ip € [0, 27t),^ € (0,7r/2] (cf. [51]). We can now express the mean condi- 
tional variances from (4.18) and (4.19). We have 






and 



where 






Juiy) = E / . -j- ^R(du) 



(4.22) 

(4.23) 



2ir rv/2 



2 r 

Trio Jo 

-L 






\A — cos^yjsin^^ 



R{de)d<p 



mR{dO), 



denoting by R the marginal distribution of R of the latitude 0 E (0, 7r/2], 
and with the function 



ip{d) 



-f 

27t Jo 



(cos 0 -I- sin V? sin 0 arctan(tan 0 sin (p)Y 



Jo y/T — cos^ (p sin^ 6 

see Fig. 4.4. Note that always 



d(p, (4.24) 



0.25 < Jr{-v) < 7t/8 < 0.4. 
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Figure 4-5. Two perpendicular vertical planes 

Another surface intensity estimator considered in this subsection is 
the vertical spatial grid estimator, see [22], which is based on two per- 
pendicular vertical sections with rando mi zed longitude orientation, see 
Fig. 4.5. 

The vertical spatial grid estimator 5^®® of 5y is defined as 

where ^ €. [0, 7t) represents the vertical plane V = G 9J as described 
above, is a Borel subset of V of finite positive measure independent 
of ^ and ^ is random with uniform distribution in (0, tt). 

Proposition 4.4 The estimator SVSG 

(4.25) is unbiased. 

Proof. In fact, the estimator is defined as the mean of two 

(dependent) VUR estimators, hence, its unbiasedness follows from the 
unbiasedness of the VUR estimator. □ 

The variance of the vertical spatial grid estimator again satisfies 

var = Evar (5^®® K) + var \ 0 - (4.26) 

It is clear that the variance of conditional mean value of the VSG esti- 
mator is lower or equal to that of the VUR estimator (cf. Exercise 4.10). 
On the other hand, the evaluation of 5^®® is more difficult since it is 
based on information from two vertical sections whereas 5^^ depends 
on a single vertical section only. A method of practical implementation 
of using confocal microscopy is described in [22]. 
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Example 4.8 Consider now a Poisson process of compact discs in 
with random radii independent of orientations. Let R denote the dis- 
tribution of unit normals to the discs (an even distribution on and 
D the distribution of the random disc radius r. Note that a (vertical) 
plane V = v*" hits a disc of radius r and normal direction u with prob- 
ability proportional to r|sin ■^(u,u)|. The section $DV is a segment 
process in V where the typical segment radius and orientation are again 
independent random variables. The typical segment length has density 

with mean Es = Er^/Er, and the typical segment normal direction has 
distribution HP which is related to R by (3.43). Using the results from 
Chapter 3, we can express the variance of the VUR estimator as follows 
(cf. [65]). Using (3.37), we get 

var (5^^^ I e) 

with function (2 from Exercise 3.23. The intensity of the segment 
process $ C]V fulfills d^Es = L\ = Qr{v)Sv (cf. (3.44)) and 

SrM = I 

by Lemma 3.28. The mean w.r.t. vertical planes of the last expression 
is equal to Ji?(v). Further computations lead to 

/ CX) 

(s - i)/(s)ds 

1 poo p2r 

= Jt ~ ds D(dr) 

^ r f 2 t t Hi ^ 

= 2 V’’ 4 

= ^E(r%(i/r)). 

This yields the final result 



Bvar(Sy™ I 0 = r (,(t/p) 



E(r^C2it/r)) 



(4.28) 
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Note that if the disc radius r tends to infinity almost surely then the 
mean variance of the VUR estimator tends to 

(cf Exercise 4.14), which agrees with formula (4.23) for Poisson planes. 

Example 4.9 In the following example we consider a Poisson plane 
process $ in with the rose of directions R from the parametric family 
of Dimroth-Watson distribution on with density (3.55). Under the 
above assumptions, consider four estimators of Sy which are applicable 
for R unknown. Their theoretical variances are obtained for the Dimroth- 
Watson distribution with vertical axis of anisotropy: 

a) estimator Sy (3.20) based on direct probes with Q = U (lUR projec- 
tions - equivalently measuring of surface areas); 

b) - the vertical section estimator (4.9) with z axis as vertical 
axis; 

c) 5 VSG - the vertical spatial grid estimator (4.25) with z axis as vertical 
axis; 

d) - the lUR section estimator (4.4) with Q = U in the section 
plane. 

All estimators are applied with a ball B = Bp as probe. Using (3.39) we 

^ o Q 

get var Sy = 5 independently of R. Due to the rotation symmetry of 

R around the vertical axis, we have varE5^'^ = var = 0. Thus, 

using (4.23), we get 

where 

= IT tTTA / exp( 2 « cos^ d) sin 0 d 0 . 

4itUQ[K) Jq 

The function J’ji was evaluated by numerical integration. The variance 
of the VSG estimator was obtained by numerical integration as well, 
using the formula from Exercise 4.10. 

The variance of consists of two summands, Evax ^ ^ 

(see (4.22)) and vaxE5[F^ = 4SyVaxQit(v) by Proposition 4.3, where 
Qr{v) = Gr(0o) depends on the latitude 6 q ofv only and equals 

1 ^7t/2 

Qr{0q) = - 777 -T / ^ 0 ) exp {2k cos^ 6) sin ddB 

irUo[K) Jq 
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Figure 4-6- Graphs of the multiple of ^ in variances of estimators a), b), c), d) 
of Sv in Example 4.9. In d), dl) the special cases Svp = 1, Svp = 2 are drawn, 
respectively. 



Estimator 


K = —00 


K = 0 


K = +00 


a) 


0.6 


0.6 


0.6 


b) 


0.849 


0.705 


0.54 


c) 


0.606 


0.602 


0.6 


d) 


0.708 


0.688 


0.769 


dl) 


0.728 


0.688 


0.850 



Table 4.2. Limit values of estimation variances in Example 4.9. 



with 



rn 

F{6,do)= / \/l — (cos ip sin 6 sin 9q + cos 9 cos 6q)^ dtp, 

Jo 

and 

var^/j(0o) = - / (^«(^o))^sinM^o - t- 

tt Jq 4 

The graphs of variances as a function of K are plotted in Eig. 4.6 
In Table 4.2, the limit values of the estimator variances for the cases 
a)-dl) shown in Eig. 4.6 for K = — oo, 0, +oo are presented. 

It is not surprising that for K = +00, Sy has a smaller variance than 
Sy^^, cf. Exercises 4.15, 4.16. Eor roses R where nearly horizontal 
surfaces do not prevail the vertical spatial grid yields a substantial im- 
provement in efficiency against a single vertical uniform random section 
and is almost as good as the complete information in a). 

Exercise 4.10 Show that the difference between the variances of the 
VUR and VSG estimators is 

var E 1 a - varE | () = S^E (jfag; - 
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and that the mean conditional variance of the VSG estimator fulfills 

Evar(5^SG|0 = iEvar(5^»-|0 

Exercise 4.11 Show that for a vertical plane V = 

= \Pvu\Tuv{itvu) = |sin 

(pv denotes the orthogonal and Try the spherical projections onto VJ. 

Exercise 4.12 Using Exercises 3.33 and (4.11), prove formulas (4.18) 
and (4.19). 

Exercise 4.13 Verify formula (4.21) for the typical segment length den- 
sity of the planar section of a Poisson process of compact discs from 
Example 4.8. Hint: Express first the segment length conditional density 
under condition that the segment comes from a disc of given radius r, 
and then make the expectation over r. 

Exercise 4.14 Using (3.28), show that 

(2m =4 

Exercise 4.15 In the situation of Example 4.9 show that for k = +c» 
a single vertical test segment p of length 2p yields the estimator Sy^ := 
P/2p, P being the number of intersections of p with with variance 

= Svj2p. 

Exercise 4.16 Using Corollary 3.41, show that the estimator Sy^ from 
Exercise 4.15 is UBUE. 

4.1.6 Cycloidal probes 

The basic idea of VUR sampling design is that the projection measure 
with Q = Q*v (cf. (4.20)) is applied in the vertical sections (V denotes a 
vertical plane). It is well known [1] that, instead of intersecting the spec- 
imen with line grids of different orientations and mixing with respect to 
the distribution Qy, intersections with cycloidal systems can be applied. 
This follows formally from the following lemma. 

Lemma 4.17 The measure Qy is the tangent orientation distribution of 
a cycloid in the plane V given by parametic equations 

x = a{t-smt), y = a{l-coat), t6[0,27r], 




(4.29) 
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Figure 4- 1- A MA JPV cycloid in the plane and its tangent angle B. 



a > 0. 

Proof. The angle 9 of the tangent to the cycloid (4.29) at t fulfills 



sin0 = 



1 — cos t 



COS0 = cos -. 



Since the length element is ds = ay'2(l — cosi)df we obtain sin^d0 « ds 
as desired. □ 



Remark 4.5. The cycloid in (4.29) has major axis perpendicular to the 
vertical axis; it will be denoted MAJPV. The MINPV cycloid will be 
the cycloid obtained from (4.29) using rotation by tt/2 and its tangent 
direction distribution is Qv(d^) = gcos0d0, 9 being again the angle 
with the vertical axis. 

We shall use the spherical coordinates on as in the previous section. 
A vertical plane V = Vf is parametrized by the longitude ^ € [— tt, tt) so 
that V = V*" and v = (tt/2, in spherical coordinates. We shall often 
write Q*^ instead of Qy. 

Let H be a stationary random fibre system in with length intensity 
Lv and a rose of directions R. The projection measure can alter- 
natively be represented as the mean number of intersections of with 
a MINPV cycloid. This follows from the following lemma. 

Lemma 4.18 Let Z be a Borel {71^,1) -rectifiable set in a vertical plane 
V = and let C denote the MINPV cycloid in V. Then 

^QliZ) = \v}{C)-^ j^U\Z n (C + z))v2(fiz). 

Proof. Applying Theorem 1.12, we get 

f H°{Zn{C+z))u 2 {dz) = f f [Tan^(Z,a),Tan^(C7,6)]'W^(d6)7^^(da). 
Jv JzJc 
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[Tan ^ (Z, a), Tan ^ (C, 6)] = sin «^(Tan ^ (Z, a), Tan ^ (C, 6)) 

and, hence, using the MAJPV cycloid C-^ (cycloid C rotated by 7 t/ 2 in 
the vertical plane), we have 



f [TanH^,a),Tan^(C,6)]KHd6) 
Jc 



= f cos^(Tan^(Z,o),I^nHC'^,&))^Hd&) 

Jc^ 



'c^ 

= (Tan '(Z,o)) 



by Lemma 4.17. But Proposition 3.1 yields 

f MT^n\Z,a))n\da) = hUZ), 

JZ ^ 7T 



which completes the proof. 



□ 



Corollary 4.19 For a stationary random fibre system S m ^ 6 
[— 7T, -k), t > 0 and bounded Borel set B CV^ we have 




'H^{E^'*nBn(C + z))dz, 



where C C Vj is the MINPV cycloid. 

Proof. Apply Lemma 4.18 with Z = p| □ 

If H is a stationary random surface system in the situation is 
analogous but attention must be paid to one difference. Here, in the 
general setting of a surface system in , the section = H D Vf is 
considered as a surface system in the 2-dimensional space Vf, i.e. again 
a random 7^^-set as in the fibre system case, but the rose of directions 
is now the distribution of normal directions to and the projection 
measure ’I'q* must be considered with respect to this normal direction 

distribution. It follows that can now be expressed by means of 
intersections with a MAJPV cycloid, in contrast to the fibre system 
case. 



Corollary 4.20 For a stationary random surface system H ^ G 
[— 7T, 7t), f > 0 and bounded Borel set B CV^ we have 

^Q-{B) = '^nHc) f yP{E^’*nBn{c + z))dz, 

« ^ JV( 
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where C CV^ is the MAJPV cycloid (4.29). 

The formulas from Corollaries 4.19 and 4.20 are plugged in (4.9) to 
obtain unbiased intensity estimators. Further step is to approximate 
the integrals by sums so that unbiasedness remains valid. This will 
be proved in a self-contained design-based approach below to remind 
original papers on this topic. 

4.2. Design-based approach 

In this section the explanation is switched to the design-based approach 
to show examples how stereological estimators are designed for practice, 
see [118], [54], [29], [30]. In this approach, the structure (fibres, surfaces, 
volumes) is studied within a reference volume (material specimen, block 
of tissue, etc.), typically three-dimensional. The structure is considered 
fixed and the intensity {Ly.^ Sy, Vy) is defined as a ratio of the total 
quantity (length, surface area, volume) within the reference volume to its 
volume. The randomness enters in the problem of estimation by means of 
probes. The common point with the model-based approach is the choice 
of probe orientation. Stereological formulas (e.g. (4.3), (4.5)) obtained 
in both approaches are the same. The model-based approach is more 
restrictive because of the stationarity assumption. In Subsection 3.3, 
the relation between the total projection in a single direction and the 
number of intersections was explained. This principle (i.e. substitution 
of the total projection by the number of intersections) can be used for 
any distribution Q of projection orientations. 

The observed structure <j> wiU now be considered as a (deterministic) 
fibre or surface system, formally a (^\1) or {V?, 2)-rectifiable set (cf. 
Subsection 3.1) contained in a bounded reference set C of positive 

volume. The length (surface) intensity is defined as Ly = 'H}{4>)luz{W) 
{Sy = U\<i>)luz{W\ respectively) and the rose of directions R is the 
distribution of tangent directions of ^ if is a fibre system and the 
distribution of normal directions if is a surface system. 

The following construction shows the connection with the model-based 
approach. Assume that is a fibre system (the surface system case is 
analogous) and let T be a regular point lattice in with fundamental 
region A of volume uz{A) = trziyV). Let H be the stationary random 
TL^-set U*gT(^ translated by a uniform random shift from A. The 
length intensities Ly and rose of directions i*? of H and (j) are the same. 

4.2.1 VUR sampling design 

We restrict the explanation of the design-based stereology to an im- 
portant special class of methods based on vertical uniform random sam- 
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An example of a system of MINPV cycloids. 



pling design. The idea of VUR sections was described by Baddeley [1], 
[4] for the intensity (5y) estimation of surface systems in . Later, a 
method was described in [36] for the estimation of the length intensity 
of a fibre system in from VUR projections. The properties of these 
design-based estimators were further investigated in [40] and [51]. We 
describe in the following the length intensity estimator in detail. 

Let </> be a fibre system in W. It is usual to use regular cycloidal 
grids (see Fig. 4.8), i.e. sets Tc = U*€t(^ + «), where T is a regular 
point lattice in V of planar fundamental region A. The length density 

of the test system is I = In the following, saying “superimpose 

a cycloidal grid on V” always means that the grid must have a uniform 
random position with respect to translations in the vertical plane. The 
VUR length intensity estimator can then be constructed as follows. 

(i) Given the vertical direction v 6 choose a horizontal direction 
^ € S^(v-‘-) uniformly randomly, consider the vertical plane 

(ii) Take a systematic random series of vertical slabs of thickness t parallel 
to Vf with a position of a slab front plane uniform random on an 
interval [0, r] in and t > t > 0 being the distance (shift) between 
front planes of neighbouring slabs. 

(iii) Project the content of any of the vertical slabs within W on Vf and 
superimpose a cycloidal grid Tc of MINPV cycloids with length den- 
sity 1. 

(iv) Count the total number P of intersections between projections of (j) 
and test tines and put 



fVUR _ 
X/v — 



2t 



tiusiwy 



( 4 . 30 ) 
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Proposition 4.5 (GOKHALE [36]) Formula (4.30) presents an unbi- 
ased estimator of the length intensity Ly. For a fixed vertical plane we 
have 

E{L^^\0 = 2LvJ^rq*. (4.31) 

Proof. The proof is based on the translative formula in Theorem 1.12. 
Since the structure is deterministic, it must be assumed that the probes 
are shifted uniformly randomly. Let C be the cycloidal cylinder C © 
[0,iv], see Fig. 4.9_(here v is, as usually, the horizontal unit vector with 
longitude ^)^ let T be the spatial point lattice T © {zr : i e Z} and, 
finally, let be the spatial grid of cycloidal cylinders U^ef ■*" ^)- 
The number corresponds then to the number of intersections of the 
structure with T^, i.e., 

= n^ if nf^). 



Since the grid is shifted randomly we can write for a fixed ^ 

nr 1 0 = f u\ 4 , n (C + »)) d 2 

TU2(A) Jji^3 

and the last integral equals by Theorem 1.12 




[Tan ^ (^, a), Tan ^(C, b)]n^(db)n^(da). 



Clearly Tan ^((5, 6) = span {Tan ^((7,6), u} and, therefore, 

[Tan a), Tan 6)] = sin <)'(Tan ^((/>, o), Tan ^(C, 6)). 



As in the proof of Lemma 4.18, it follows from Lemma 4.17 that 
f sin i{T&n\(l),a),T&n^iC,b))nHdb) = n^{C)J^Q;{Tain^(j),a)). 

Jc ' 



Thus, we get 



E(r I 0 = 



r 02 (A) 



nHc)nH<f>)J^RQG 



Since H}{C) = 02 (A)l, (4.31) follows. The unbiasedness ofLj^^ is ob- 
tained as a consequence since Ejr^Q. = | (see the proof of Theorem 4.2). 

^ □ 



Remark 4.6. Note that the estimator (4.30) is based, in fact, on a 
version of the formula Ly = 2 Pa (see (4.3)). If we consider a section 
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Figure ^.9. Projection of a MINPV cycloidal test cylinder 



with the cycloidal cylinder system instead, we have ~ '^here 

A = is the mean intersection area of the testing surface with W. 

If is a surface system in W, the procedure of surface intensity es- 
timation is even a bit simpler. We choose again uniformly randomly a 
horizontal direction take a series of parallel sections of (j) parallel with 
Vf and with distance r, superimpose the MAJPV cycloidal grid in each 
section and count the total number of intersections P. Then, cf. [4], 



cVUR 

Ov 



2r 



r 



(4.32) 



is an unbiased estimator of the surface intensity Sv and the conditional 
mean for fixed ^ is given as in (4.3 1). 



4.2.2 Further properties of intensity estimators 

Besides estimation variances studied in Section 4.1 by means of pro- 
jection measures, other simple properties of intensity estimators can be 
quantified. When using the estimator (4.30) in practice several orienta- 
tions ^ of vertical slabs are used. It is of interest to know how many such 
orientations are necessary to obtain a reliable estimate. The following 
derivation enables us to make some conclusions in this direction. It is 
not important whether the model or design-based approach is used. We 
restrict ourselves to fibre systems but the corresponding results are true 
for surface systems as well, cf. [40]. 

The estimator in (4.30) is unbiased when a VUR probe is used. 
To describe the quality of the estimator from another standpoint than its 




118 



STOCHASTIC GEOMETRY 



variance, we may consider the analogous estimator based on a sample of 
fixed vertical planes only. Given ^ € [— tt, tt), let Ly denote the estimator 
of type (4.30) based on the vertical plane only (that means, instead 
of a VUR plane, a fixed vertical plane Vg is used). We have from (4.31) 

= 2LvJ^rq* , 

hence, the relative bias is 



ELlr - Lv 
Lv 



= 2,?7LQ* - 1. 



Remind that 



and the function 



^RQl = J 



is given in (4.21). 

Consider now m fixed horizontal directions , ^m- Then the esti- 
mator 

m 

m 

1=1 

is based on measurements in m given vertical planes. Its relative bias is 

= J ip)R{d{e, ip)), 



ELip - Ly 
Lv 



where Qm = 2/^ - 1 and 



1 

m 

1=1 

The worst bias will appear if the direction distribution R will be ex- 
tremal, i.e., if the fibres are hnes (segments) of a fixed orientation (0Oi V^o)- 
Then 

g f m _ r 

^7 (4.33) 

Lv 

Example 4.21 Bounds for values of were eval- 

uated theoretically in the particular case when the (i ’s are taken system- 
atically, i.e. 

27T 

— {i 1)) i = 1, 2, . . . , m, 
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cos X 

X— 1 < < isina: — 1, (4.34) 

sinx 

X = ^, m odd. For m = 5 specially 

-0.03<55(^i,-..,6;^o,¥’o) <0.02 

is valid for any direction of the line element (0Oi<^o)- ^or m = 3 the 
values of gz are scattered between 

-0.09 < p3(^i,C2)^3;^o,i/Jo) < 0.05. 

V/e conclude that it is enough to use five systematic directions of vertical 
slabs to obtain an estimator with relative bias less than 3% in the worst 
case. Of course, if the fibre system is isotropic then a single direction of 
vertical slab may be enough to obtain reliable results and the same holds 
if it is anisotropic but has an axis of symmetry which should be chosen 
as the vertical axis. 

Exercise 4.22 An upper bound for the relative bias of Ly can be found 
as follows. From the definition of IFq, for any vertical plane V and unit 
vectors u, u' € we have 

l-^Qt,(w) - < 11 pv(« - ^*011 

( recall that py is the orthogonal projection to n Hence, in spherical 
coordinates, 

and, consequently, 

^ m m 

i=l i=l 

Taking the mean value w.r.t. ^ e (0,7r/m), we obtain finally 

Cm; 0,^)1 < — 8in0. 
m 

The constant factor can be decreased by taking finer estimates. 

Exercise 4.23 Using bounds (4.34) show that the convergence rate m~^ 
can be achieved for the relative bias (4.33). 
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4.2.3 Estimation of average particle size 

The particle size in is an important parameter, which can be ex- 
pressed in various ways, cf. Chapter 6. In stereology different size pa- 
rameters and averaging procedures lead to different descriptors of aver- 
age size of particle systems such as average mean width [25], volume- 
weighted mean volume [45], etc. In this subsection the review of VUR 
sampling designs is continued by showing that the average size of a finite 
system of convex particles can be estimated using VUR projections. 

The mean width b{K) = length(p^iif)I7{d.£) of a convex particle K 
was mentioned already in formula (1.20), it holds M{K) = irbiK). For a 
fixed collection of particles we denote by b the average mean width. In 
the following, a method based on vertical projections suggested in [39] 
is discussed. A practical procedure for estimating the average width of 
a finite collection of convex particles from the measurements performed 
on the projected images follows: 

(i) Select the vertical axis given by the vertical direction v in Choose 
a VUR plane V^. Enclose the specimen containing the collection of 
particles in a vertical slab of thickness t with faces parallel to Vf . 

(ii) Observe the total projection of the reference space onto the vertical 
plane Vf. It is assumed that the projected images of all particles are 
observed in the total vertical projection. 

(iii) Superimpose a grid containing uniformly spaced MINPV cycloids on 
the projected image, see Fig. 4.10. Let I denote the length density of 
the cycloidal grid. 

(iv) Count the number of intersections P between the cycloids and the 
boundaries of the projected images of the convex particles. Repeat 
this step for several systematic random projection directions ^ all of 
which are perpendicular to the vertical axis. From these observations, 
evaluate the average value P. 

(v) Use the total vertical projections to determine the total number Nq 
of particles in the projected image. Estimate b by 

iJL 

2lNo' 

Theorem 4.24 Formula (4.35) presents an unbiased estimator of av- 
erage mean particle width b. 
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Figure i-lO. A total vertical projection with superimposed cycloidal grid. 



Proof. Let a finite set of bounded eonvex partieles be given. Sinee 
it is assumed that for eaeh vertieal plane the projeetions of all partieles 
are eompletely aeeessible, the total number of partieles is known and it 
is suffieient to eonsider the problem for a single eonvex partiele K. For 
the mean width it holds 

6(iC)= / b{K,u)U{du), 



where b{K, u) is the width of K in direetion u (i.e., the length of the 
projeetion p^K of K onto a line of direetion it). Using the deeomposition 
of the uniform distribution U from Lemma 4.3, we get 

b{K)= f [ b{K,u)Q*v{du)U^{dV) 

Jv Js\V) 



(reeall that Uy is the uniform distribution over the spaee of vertieal 
planes). Further, note that for u € S^(V), the width of K in direetion u 
is the same as the width of the projeetion ppK of on V in direetion 
It, and this equals one half of the total projeetion of the boundary 

b{K,u) = b(pvK,u) = ^TP„(pviC). 
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Hence, referring to the definition of the integral-geometric measure (Sub- 
section 3.1.1), 



[ b{K,u)QUdu)=^-lUdpvK). 
J&HV) 7T 



IS\V) 

Applying now Lemma 4.18, we get 



f b{K, u) = }:nHC) f K°{dpvK n (C -f z))dz 

4s»(V) ^ Jv 



= ^mn^idpvKDTc) 

= Isr, 



where Tc is the cycloidal grid of length intensity I and the mean value is 
understood w.r.t. random uniform grid translations. Now summing over 
the Nq convex particles one obtains EP/l = 2^6i(if) and averaging 
over vertical planes V finally 6 = EP/21Nq. □ 



Example 4.25 Consider a single particle <f) obtained by rotating a square 
around its diagonal of length s. Its mean width can be obtained as 

b=^M{<f>), M(<^) = limM(0,), 

27T e-+0 

where M(-) is the integral mean curvature and (f)g = (f>® the dilation 
of f by a ball of radius e. After an easy calculation one obtains 

+ (4.36) 

V^e study the properties of the above estimator in this simple case for 
a special choice of a cycloidal test system, see Fig. 4.11. To express 
the expectation and variance ofl'^ in (4.35), the function P{y,z) was 
introduced in [50] as the number of intersections of the projected particle 
^ with the single cycloid 



(y -I- 1 -h cosf, 2 -h < - sinf), t E (0, 27t). 

The graph of the function is plotted in Fig. 4.12. 

It holds P ~ f f P(y, -?) d 2 dy. More difficult is the evaluation of the 
variance of the estimator which depends on the geometry of the sampling 
design. To get this one should evaluate for each pair (i,j) € the 
function 

Mi,j{y, z) = P(y, z)P {y + z + j^y 
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Figure ^.H. Projection ^ of a particle from Example 4.25, embedded in a square. 
The square is divided into cells each of which contains one cycloid. The cycloidal test 
system is randomly shifted. 




EZ]o 




HH ^ 


1 1 A iultrcvctioRS 



Figure 4.12. The function P{y,z) of the number of intersections between the pro- 
jection ^ of the particle and a test cycloid. 




124 



STOCHASTIC GEOMETRY 



Then (see [50]) 



EH 



f Mij{y,z)dydz. 
hi 



Generally, if the particles are such that any projection may not have an 
infinite number of intersections with the test cycloid, then the estimator 
(4.35) has a finite variance. 

Exercise 4.26 Verify formula b = where uz{W)Na is the mean 
number of particles hit by an lUR grid of unit distance parallel planes. 
Hint: In the design-based setting, note that 

uz{W)Na = ?/ VQ[KiOF)ii2{dFf 

where is the collection of particles, and apply the Crofton formula 
(Theorem 1.14). 



Exercise 4.27 Verify formula (4.36). 



4.2.4 Estimation of integral mixed surface 
curvature 

Since 7/^-rectifiability does not guarantee the existence of curvatures 
at a lm ost all points of a surface in , we shall consider a more special 
model in this subsection. Consider a system U • • • U of C^- 

smooth surfaces 0i, . . . , <^n in a bounded reference volume W C , and 
assume that the intersection (pi D (pj has 'H^-measnre zero for any i j. 
Then, 'H^-almost all points of^ belong to exactly one smooth surface 
and the principal normal curvatures A:i and are defined at this point, 
as well as the mean and Gauss curvatures H = K ~ kik^, 

respectively (see (1.15)). In the present study, another characteristic 
MC called mi xed curvature and defined by 

MC = ^(3A:? + 2kik2 + 3fc|) (4.37) 

is of interest. 

Integrating the Gauss or mean curvatures over the whole surface sys- 
tem one obtains integral characteristics which are multiples of certain 
intrinsic volumes (Minkowski quermassintegrals) in the case of bound- 
aries of convex bodies (see [97] or cf. Section 1.1.4). The integral mi xed 
curvature MC v of (p per unit volume of the reference space W is defined 
as follows: 
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Figure 4-13. Intersection of a surface (j> with the plane. The orthonormaJ frame 
{ai,a 2 ,n} is chosen so that ai,a 2 is the principal direction corresponding to ki,k 2 , 
respectively, and n is the normal direction to the surface. The curvature k of the 
section curve in <l> at the origin is given by formula (4.39). 



The integral mixed curvature MCv is an integral characteristic of global 
curvature, it is always nonnegative. 

The problem of stereological estimation of global curvature characteri- 
stics has been studied since the eighties. It appeared that stereological 
formulas are available for MCy rather than for other characteristics. 

Intersection of a smooth surface with a plane is a smooth curve pro- 
vided that the tangent plane at any intersection point is not parallel with 
the sectioning plane (it is a well-known fact that this property is sat- 
isfied for almost all planes w.r.t. the integral-geometric measure on the 
space of all planes). The curvature k of this curve at a point x € (f> (de- 
fined as the reciprocal of the curvature radius) is related to the principal 
curvatures fci, by means of the Euler-Meusnier formula in differential 
geometry [97]: 

fci sin^ (p + k2 cos2 ip 
* = 

where 9 is the angle formed by the normals to the section plane and 
to the surface ^ at x, and ip is the angle formed by the tangent to the 
section curve at x and the principal direction of at x corresponding to 
the second principal curvature /c 2 , see Fig. 4.13. 

This equation plays the main role in the derivation of stereological 
formulas for MCy. 
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Given a plane L in , let Ti, denote a uniformly randomly shifted 
grid of equidistant planes parallel to L, with distance s > 0 of neighbour 
planes. The next result was proved in [77] (i) and in [38] (ii). 



Theorem 4.28 (i) For an lUR plane L it holds 



MCv = 



4s 

TtusiW) 




k’^{x) V}{dx). 



(4.40) 



( ii ) If V is a VUR plane then 

MCv = -^e/ k‘^{x)sm'y{x)n\dx), (4.41) 

i^ 3 [yy) y^nTv 



where jlx) is the angle of the tangent to (j>C\V at x with the vertical 
axis V. IfTgis a regular grid of vertical lines in Ty, with distance t 
of neighbour lines in one vertical plane, then 



MCy = 



2sf 

MW) 



E 

x^Tin<t> 



(4.42) 



Proof. Note that (j) is obviously a 2)-rectifiable set. Let L be a 
fixed 2-dimensional plane in R^ with unit normal vector u 1. L. Applying 
the coarea formula (Theorem 1.6) for the mapping g : x ^ {x,u),x E <f>, 
we obtain 



f f k'^{x)Fi^{dx)dy = f sin 6 (x)k'^{x)'H^{dx), 

J L-^ J <j>n{L+y) J (b 



since sin0(x) is the one-dimensional Jacobian of g at x. Using (4.39), 
the last integral is equal to 



/ 



k\ sin^ -f 2fcifc2 sin^ (p cos^ p + k^ cos^ 

sai6 



dW. 



Note that ip is the longitude and 6 the latitude of the unit normal to L 
in the orthonormal frame {ai, 02 ,n} formed by the principal direction 
oi, 02 and normal direction n of ^ at x. Thus, after averaging w.r.t. lUR 
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planes L, we get 

E [ 

J<t>nTL 

= f f k^{x)'H^{dx)dy 

J L-^ J <t>r\{L-{-y) 

— / (^1 (p + 2k\k2 sin^ ip cos^ ip + k^ cos^ ip) dlH^ dip 

45 Jo 70 

= ^ f (3*;? + 2*1*2 + 3*1) 

l05 70 

= =^MCV. 

4s 

which proves (4.40). For a fixed vertical plane V, we obtain analogously 

f f k^{x)8in.'y{x)‘H^{dx)dy 

7V-L 70n(V+y) 

= f aixi6{x)8my{x)k'^{x)H^{dx) 

J<l> 

_ /■ *1 sin^ ^ + 2*1*2 sin^^cos^ V? + *2 cos^ V? . ,^2 

~ J<t, sine 

The averaging should be maintained now over vertical planes only. Let 
0 < ^ < 27t be the angle formed by V and a fixed horizontal direction. 
Writing down the relation between ^ and ip, one gets the transformation 



— dip, 
sm7 



hence 



E f k'^am'yd'N} 
J 0nTv 

s 



■^E f f k‘^{x)'H^{dx)dy 
Jv^ 70n(V+y) 

•27T 



= 2^ y J (*i®^’^^‘^ + 2*i*2 8in^¥’COS^y3 + *2COS^(/3)d?^^d¥J 

= ^ / (3*? + 2 * 1*2 + 3*i) dU"^ 






MCv, 



25 
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Figure 4-i4- Sections of two particle surfaces by a vertical test plane. A test system 
of parallel vertical test lines is superimposed in the vertical plane and intersections 
between test lines and particle section boundaries are registered. Planar curvatures 
k{i) at the registered points U are measured and involved in formula (4.43). 



which verifies (4.41). Equation (4.42) follows from (4.41), see Exer- 
cise 4.31. □ 

Eormula (4.41), and especially (4.42), is more straightforward for prac- 
tical use. All what is needed is to choose a VUR plane V, put a system- 
atic random grid of vertical lines on it and measure curvatures k{i) at 
intersection points Z { , see Eig. 4. 14. The procedure can be repeated for 
a series of shifts of the vertical plane. Then 

i 

is an unbiased estimator of MCy, where EZ is the mean (w.r.t. shifts) 
total length I of all test lines in W. Note that if t is the spacing of the 
test lines in a vertical plane and s the spacing of the vertical planes then 
EZ = Fz{W)fst, hence (4.43) agrees with (4.42). The properties of the 
estimator (4.43) will further be investigated. 

Since arbitrarily large curvatures may appear in the planar section 
the present stereological relation is ill-posed and the estimator (4.43) 
may have poor statistical properties. To make the point whether the 
variance var MCv is finite or infinite, the following general principle can 
be used. 

Theorem 4.29 Let f be an integrable non-negati ve function on with 
bounded support supp/ and H/H 2 = ffpiEiz its L'^-norm. Let T 

be a rectangular lattice of points with uniform random location in R^ 
with horizontal, vertical spacings being s, t, respectively. Consider an 
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unbiased estimator of the integral 

zeT 

Then varJ < oo if and only if ||/||2 < oo. 

Proof. The supremum of the covariogram g{h) = f f(z)f(z + h)dz 
hes at the origin, g(0) = ||/||2 and g is nonnegative with bounded sup- 
port. It holds 

eP = st ^2 

(see [68]). Thus, the mean square of I can be sandwiched as follows: 

stg{0) < eP < stCg{Q), 



where C is the finite number of lattice points hitting the bounded sup- 
port suppg, and the result follows. □ 



Example 4.30 Let <f> be a sphere with radius R. At each point of the 
sphere, the principal curvatures are = k<i = R~^ and 3/c^ -f- 2 feifc 2 + 
3^2 = Therefore 

Using Theorem 4.29 it is easily shown that the variance of the estimator 
(4.43) is infinite in this case. The function f is specially the squared 
linear curvature 

k'^{x,y) = ;^ 2 ~~ 2 » x^ + y‘^<R^, 
k'^{x,y)=0 otherwise. Then the relevant integral for ll/lb is 







dy 

(fl2-y2)2 



da: = 00 



and by Theorem 4.29 it follows that varMC is infinite. 



In the application below (Subsection 4.2.6), a natural modification of 
the estimator is considered for the case of MCy estimation of a surface 
system of convex particles. It consists in omitting the particle sections 
(caps) with diameter less than e > 0. Formula (4.43) is used for a sam- 
ple of remaining larger caps. This naturally arises when using an image 
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0.7 1 1.3 1.6 



Figure .^.15. The analysis of the tnodihed estimator of MCv for the sphere with 
radius = 1 embedded in a cube with edge length 2. The bias, variance and mean 
square error MSE = var MC + (bias MC)* are plotted on a limited range of e. 



analyser for measurement, but problems with discrete curvature mea- 
surement are even more delicate. The modified estimator is biased but 
it has a finite variance. If (p is as in Example 4.30 the relevant integral 
for II /II 2 when using Theorem 4.29 is 




(VR^-x^,R-S) 



dy 

(i?2 _ y2)2 



dx < oo, 



where S = E — — e^. In Fig. 4.15 it is demonstrated how with 

increasing e the variance decreases while the bias increases. 



Exercise 4.31 Using the coarea formula, show that for a {V}, 1) -rectifiable 
set A and line I in the plane, and for any Lipschitz function g defined 
on A, 




4.2.5 Gradient structures 

In materials science engineers frequently deal with gradient structures 
which appear as a result of operations l ik e rolling etc. The resulting 
structure is inhomogeneous in a single direction and homogeneous in the 
remaining two coordinates. In fact the pattern from soil science studied 
in Subsection 3.2.3 belongs to the class of gradient structures, too. In 
stereology of gradient structures the use of vertical probes naturally leads 
to choosing the vertical axis as the direction of inhomogeneity. 

In the model-based approach, consider a non- stationary surface sys- 
tem H in with intensity Sv{z) depending on the last coordinate zof 
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(x, y, z). This means rigorously that the intensity of the induced random 
measure has density Syiz) which depends on the last coordinate only, 
i.e., 

EH^(EDB)= f Sv{z)dxdydz 
Jb 

for any Borel set B C K®. The rose of normal directions R{z; •) is 
then defined for any height z (it is the distribution of the normal to the 
surface at a typical point of the surface with last coordinate equal to ^). 
We shall assume additionally that the process is rotationally symmetric 
around the vertical axis z. Hahn and Stoyan [46] suggested an intensity 
estimator using only horizontal test lines in vertical planes. Let V be a 
vertical plane, I a horizontal line segment in V of length I and height 
z—Zq, and ai, . . . , Qn the angles formed by the test segment i and section 
fibres VOS. If the roses of directions satisfy R{zq; {v}) = 0 for all zq (v 
is the vertical direction) then 



1 

Sv{zo) = j + cot tti) 

‘ i=l 

is an unbiased estimator of Sv{zq). Due to the cotangens in the for- 
mula, the estimator variance is infinite and a possible modification of 
the estimation is discussed in [46]. 

As another example (in the design-based approach) let us consider 
the integral mixed curvature MCy for a smooth surface system (f> in 
as in Subsection 4.2.4. Its gradient version is the function 

L. ^ ^ 

where z belongs to the projection of W to the vertical axis and Hz is 
a plane perpendicular to vertical axis on level z. Estimator (4.43) of 
the global characteristic MCy cannot be used to estimate MCy( 2 ) for 
one particular value of z since there a vertical test line need not (and 
typically does not) intersect the structure in Hg. Nevertheless, a kernel 
estimator may be used; 



MCv(^) = ^ E (hr) ’ 

i=l ' ■' 

where m is the number of vertical test hues in VUR planes hitting W, 
Ke is a unimodal kernel function satisfying J Ke{z)dz = 1, and /i is a 
bandwidth; its choice is recommended in the statistical literature [105]. 
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Formula (4.44) can be justified in the following way. Let the range 
of variable ;z be an interval [a, 6] and suppose that VF is a (generalized) 
cylinder along the vertical axis (so that the intersection of W with a 
vertical hne is either empty or a horizontal translate of the projection 
of W on the vertical axis). Then integrating (4.44) over this range we 
obtain ^ 

lim ^ [ MCv(g)dg = — , - yk^(zi) (4.45) 
h-^o+b-aJa [b-a)m^ ^ ^ 

and since I = {b — a)m is the (constant) total length of test lines be- 
tween Ha and Hi,, the right hand side of (4.45) coincides with estimator 
(4.43) of the global integral mixed curvature of $ intersected with the 
horizontal slab a < z <b and, hence its expectation is J^MCv{z)dz. 

The implementation of formula (4.44) is as follows. For a VUR section, 
the test system from Fig. 4.13 is used and the z coordinate Zi of each 
intersection point is registered together with the planar curvature ki — 
k(zi). For any coordinate z, formula (4.44) can then be used for the 
evaluation of MCvl^). 

4.2.6 Microstructure of enamel coatings 

A simple but instructive example of the microstructural evaluation of 
MC V (z) in a gradient structure presents the bubble structure of enamel 
coatings. 

Enamel coatings are widely used for the corrosion protection of metals. 
An important property of an enamel coating is their bubble structure, 
which develops as a result of gas evolution during firing. The bubble 
structure affects the corrosion properties of the coating in two ways: first 
the presence of large bubbles, the diameter of which is comparable to 
the coating thickness, deteriorates the coating since thin bubble walls are 
broken easily; secondly uniformly distributed small bubbles are desirable 
since they reduce the tendency towards fishscaling and support elasticity. 

Stereological methods can be used to describe the parameters of bub- 
bles. In [8] the longitudinal sections were used to estimate the number 
and size distribution of bubbles for various enamel coatings. In [12] 
the transverse sections of enamels to study the gradient character of 
the enamel microstructure are used. The parameter MC^ itself is im- 
portant even if it cummulates the properties of number and size (since 
bubbles are almost spherical). In practice this parameter is combined 
with detection of large bubbles which can be done using the X-ray de- 
fectoscopy. Conditionally that big bubbles are not present, large values 
of MCy are desirable corresponding to sufficiently rich amount of small 
bubbles. Small MCv values generally imply bad enamel properties, ei- 
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ther corresponding to lack of bubbles or to the presence of large bubbles. 
Interesting may be also the shape of function MCv(<2) as the following 
practical example demonstrates. 




jjim ' jifT) 



Figure 4-i6. TVansverse sections of enamel coatings A (left) and B (right), magnifi- 
cation 200 X. The grey layer corresponds to the ground-coat enamel, it was separated 
from the steel sheet. The thickness of this layer is about 0.11 mm (specimen A) and 
0.13 mm (specimen B). The top white layer corresponds to the titanium enamel, its 
thickness is 0.16 mm in both cases. In the expression MCv((f)) the value d = 0 cor- 
responds to the enamel surface and d = 0.16 to the boundary between both layers. 
That means vertical axis of the sampling method coincides with vertical direction (in 
opposite orientation) in the figure. 

To illustrate the use of the procedure suggested in Subsection 4.2.5, 
two specimens of a two-layer enamel were chosen, see [8], for the mate- 
rial specification and production. In Fig. 4.16 samples from transverse 
sections are presented. 

(a) (b) 





Figure 4-11. Graphs of MCv(d) (a), (b) estimated by (4.44) for microstructure in 
Fig. 4.16 A, B, respectively. 



Numerical results are presented in Fig. 4.17 for specimens A, B corre- 
sponding to microstructures in Fig. 4.16. Samples which present VUR 
sections were covered by a systematic random grid of test lines and the 
intersections with bubble section profiles registered. The problem of es- 
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timation of linear curvature k is discussed in [18], here we simply put 
k = 1/r, where r is the radius of circular profile. In the evaluation of 
(4.44) the kernel function 

- I 0 elsewhere, 

was used. In the resulting graphs of estimated MCy(d) (Fig- 4.17), d 
corresponds to the depth from enamel surface. The rehabHity of the re- 
sults depends on the number of samples measured but still the following 
conclusions are evident: The magnitude of MCy(d) differs: for speci- 
men A it is about six times greater than for specimen B, that means 
enamel A has better physical properties. The ground-coat layer (range 
d > 0.16 mm) has worse properties (especially for specimen A) than 
the top layer (range z £ [0,0.16]). A bimodal character of the curve is 
apparent for both specimens A and B. 




Chapter 5 



FIBRE AND SURFACE ANISOTROPY 



5.1. Introduction 

Consider a stationary random set S in Rf*. We say that H is isotropic if 
its distribution is invariant under rotations in S'*. Note that an isotropie 
particle process in the sense of Definition 2.40 induces as union set an 
isotropic random set. 

Any stationary random set that differs from isotropic is called anisotro- 
pic. Anisotropy is thus a rather broad notion. We shall consider in this 
chapter mainly random fibre and surface systems. Their rose of tangent 
(normal) direction, see Definition 3.6, is an anisotropy measure; if the 
model is isotropic, then clearly R equals the uniform distribution U. 

On the other hand, the uniformness of the rose of tangent (normal) 
directions does not imply “complete” isotropy of the random fibre or 
surface system; consider as example a union of small circles in the plane 
arranged in horizontal rows. Such an anisotropy is due to the spatial 
displacement of particles. It was formalized and studied e.g. in [108]. 

A well-known stereological inverse problem (formulated in [49]) relates 
the rose of directions to the rose of intersections between the process and 
a test system. In its simplest form it goes back to the Buff on needle prob- 
lem published in 1777. The rose of intersections Pl{w) of a random fibre 
(surface) system is defined as the intensity of intersections of the random 
structure with a hyperplane of normal direction u (line of direction u, 
respectively). Of course, grids of parallel hyperplanes (lines) are used in 
practice. 

Given the observed numbers of intersections (in the individual direc- 
tions), the aim is to estimate the rose of directions. There are several 
approaches to the solution of the corresponding theoretical integral equa- 
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lion. Analytical solutions are usually very unstable and lead to various 
difficulties. The most promising seems to be the approach which makes 
use of an analogy from convex geometry relating the support function of 
a zonoid to its generating measure. We review estimators of the rose of 
directions separately in the planar and spatial case, since the background 
is qualitatively different. The main aim is to describe chosen statistical 
properties of the estimators and to compare different methods and mod- 
els. Various test systems are investigated and demonstrating examples 
added. 

Besides of random fibre and surface systems, we shall consider in the 
last section also full-dimensional random sets of certain types for which 
the distribution of outer normal direction over the boundary can be 
introduced. This distribution will be called orientation-dependent rose 
of directions and some estimation approaches will be outlined. 

5.2. Analytical approach 

As a basic model in the planar case, consider a stationary fibre system 
E in (i.e., a random 7^^-set, see Subsection 3.1) with induced random 
measure 

^(•) = 'wHsn-). 

The random set S is often realized as a union set of a stationary planar 
fibre process $ (as in Chapter 3, under a fibre process we understand an 
'H’^-process). A realization of H is an ^^-rectifiable set by definition. For 
any realization (/) of H, the tangent direction Tan^(<^, x) is well defined 
at -almost aRx € <j>. We shall denote Tan. ^((^, x) for brevity by 
or only u;(x). 

As in the previous chapters. La will denote the length intensity (mean 
length per unit area) of S and R the rose of directions (distribution of 
w{x) at a typical point of H). Recall that in the planar case, R is an even 
distribution on the unit circle It is often more convenient to work 
with angles than with unit vectors. Consider the mapping assigning to 
each u € the angle a G (0,7r] such that u = ±e’“, and let R denote 
the image of R under this mapping. Then, R is the rose of directions 
represented on the interval (0, tt]. 

5.2.1 Intersection with aji-axis in 

First a general stereological relation in is derived, cf. [73]. From 
the Campbell theorem (2.29) for weighted measures, it follows for an 
arbitrary nonnegative measurable function / on x (0, tt] that 

e[ f{x,w{x))'^{dx) = La [ f 

yma 7(0, ,r] 



f{x,a)R{da)dx. (5.1) 




Fibre and surface anisotropy 



137 



Lemma 5.1 Let (f> be an -rectifiable set in and g : ^ R a 
nonnegative measurable function. Then 

/ 53 g{!i:uX 2 )vi{dx 2 )= g{x)smw{x)'H}{dx), (5.2) 

Xll{xi,X2)^(p ^ 

where X = {x\,x2) e R^. 

For the proof, see Exercise 5.1. 

Theorem 5.2 Let S be a stationary random H^-aet in R^ and / : R x 
(0, 7t] -1 R a nonnegative measurable function. Then, for the intersection 
ofE with the xi-axis it holds 

E 53 f{i>iuw{xi,0))=LAj I f{xi,a)smaR{da)dxi. (5.3) 

Proof. Let g : R — >• R+ be a nonnegative measurable function with 
fg(t)dt = 1. Using (5.1), (5.2) and the stationarity we obtain 

1 1 sinaR{da)u 2 {dx) 

= eJ J g{x2)f(xi,w{x))ainw{x)'iS{dx) 

= 53 9{3:2)f{xi,w{xi,X2))i>i{dx2) 

xi:(xi,X2)eE 

= E / g(x2)dx2 53 /(ah,iu(a:i,0)). 

n\j->s 



xi:(xi,0)eS 



The intersection of 3 with xi-axis forms a stationary point process, 
we shall denote its intensity by Pi. Let .Ri denote the distribution of the 
fibre tangent direction w{x) at a typical intersection point (considered 
again as a probability distribution on (0, tt]). Using special forms of / in 
Theorem 5.2, relations are obtained between the fibre process and the 
induced structure on the test li ne (here the rci-axis). 

Corollary 5.3 For any € (0, tt] we have 

PLRi{{0,fi]) = La f sina.R(da); (5.4) 

J(O,0] 
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consequently 



ifRm)<l. 



^i((0,/3]) 



/(o_^]Sina^(da)’ 



(5.5) 



Proof. Setting f{xi,a) = l[o,i]{3ri)l(o,^](a) in (5.3) one obtains (5.4). 
Using (5.4) twice for the values 0 and the limit value (3 = ir, (5.5) is 
concluded. □ 



Example 5.4 If .R({0}) = 0 one can get La and R from Pi and R\ 
{ the latter pair of quantities can be estimatedfrom the observation in the 
neighbourhood of a linear section). From (5.4) it follows 

m,l3)) = ^ f (sina)-'^i(da) 

La J{d,0] 

and for P = n in particular 



La=Pl f (sin Of) ^Riida). 

Remark 5.1. Note that the limit value of (5.4) for ^ = tt yields the 
well-known formula 

Pl = La J sino;.R(dQ!) (5.6) 

which corresponds to the frequent case that the information on intersec- 
tion angles is not available. 

Exercise 5.5 Prove Lemma 5.1. Hint: Apply the coarea formula (The- 
orem 1.6) for the second coordinate projection restricted to X, with Ja- 
cobian X HA sinu;(a:). 

5.2.2 Relating roses of directions and 
intersections 

Let S be a stationary random ?^Usetin as in the previous subsec- 
tion. Let PiiP), P 6 (0, 7t], be the rose of intersections, i.e. the mean 
number of points ofSn/(/9) per unit length with a test straight line 1{P) 
with normal direction (cos /3, sin /3). The basic integral equation relat- 
ing the rose of directions of H to its rose of intersections is obtained by 
a simple generalization of (5.6). Consider (0, tt] with addition modulo 
It. The addition may be interpreted as rotation of straight lines around 
origin in the plane. 
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Considering a rotation by j3, we get from (5.6) 

PM^LaW), (5.7) 

where 

Pr{^) = / I cos(/3 - a) I jR(da) 

J (O.tt) 

is the cosine transform (cf. (3.6)). Equivalently, we can write 

Pl{u)=LaPr{u), (5.8) 

where the cosine transform is 

:Fr(k)= f |(n,v}lii(du), (5.9) 

if we consider R as distribution on and the test line is parametrized 
by its unit normal vector u. 

Relations analogous to (5.8) hold in as well. Let H be a stationary 
random in with length intensity Ly and rose of directions R 

(distribution of the tangent direction at a typical point, considered as 
an even distribution on the unit sphere S^). Let the test system be a 
plane or its subset and let Pa (tt) be the intensity of the stationary point 
process obtained by intersecting S with a test plane of normal direction 
u 6 S^. Then we have 

PA{u) = Lvf \{u,v)\R{dv) ^ LvPr{u). (5.10) 

By the obvious duality between fibres and surfaces, a stationary ran- 
dom (induced usually by a stationary random surface system) 

in of intensity Sy (mean surface area per unit volume) and rose of 
(normal) directions R (distribution of the normal direction at a typi- 
cal point) induces on a test lin e of direction it G a stationary point 
process with intensity Pl{u) and again, 

Pl{u) = Sy [ |(it,i;)|ii(di;) = SyPR{u). (5.11) 

In fact, equations (5.10) and (5.11) hold for fibre and surface systems in 
any dimension d, if the integration domain is changed to 
Let A stand for the length or surface intensity. Integrating (5.10) or 
(5.11) with respect to the uniform distribution U over 8**“^ we obtain 

Pl := j PiinWidu) = XPru = XPd 
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(see (3.4) for the constant f3d). Thus, even for an unknown rose of 
directions R it is possible to estimate the intensity A, e.g. by considering 
an average of observations Piiuj) with unit vectors Uj spread over 
We shall not deal with the intensity estimation which was the main 
scope of the previous chapters. Therefore, in the following, the problem 
of estimating R can be considered to be equivalent to the problem of 
estimating XR. 

Exercise 5.6 Verify (5.10) and (5.11) by using the coarea formula 
(Theorem 1.6) lor the projection onto the line spanned by u or hyper- 
plane perpendicular to u, respectively. 

Exercise 5.7 Show the following generalization of (5.8).' The mean 
number of intersections of a stationary planar fibre system H with a 
curve of length I and normal direction distribution Q is LAi^nq- 



5.2.3 Estimation of the rose of directions 

Several methods based on formula (5.8) in the plane have been sug- 
gested for the estimation of the rose of directions of a planar fibre system, 
cf. [49], [27], [71], [59], [94], [11]. The aim is to estimate R given esti- 
mates Pj € (0,7t], j = I,..., n, where pj is the observed 

number of intersections per unit length of the test probe of orientation 
fij. This was done basically in three ways. 

First, if a continuous probability density p of R exists we can differ- 
entiate (5.7) to obtain 



PliP + |) + + |) = 2LapW) (5.12) 



(see [109, §9.3.2]), which yields an exphcit solution. This is in practice 
hardly tractable since the second derivative P^ has to be evaluated from 
discrete data. However, the formula is useful when a parametric model 
for R is available, cf. [27]. 

Another natural approach to the solution of (5.7) is the Fourier anal- 
ysis. Hilliard [49] showed that for the Fourier images 



m{k)= r. 

Jo 



e'^'’°^R{da), A: = . . . , -1,0, 1, . . , 



(5.13) 



md^Plik) = /J^Pi(Q!)e^**“da, it holds 
mk) = ;^{-l)'‘-H^k'^-'^)^PLik), A: = ...,-1,0,1,.... (5.14) 



However, when estimating ^Piik) from the data and using (5.14) for 
the estimation of ^R, the variances of ^R(k) may tend to infinity. 
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Another approach is based on convex geometry and will be described 
in a separate section. 

Example 5.8 Consider the fibre system with four test lines of equal 
length 1 and normal orientations Pi — (2i + l)ir/4, i = 0, 1, 2, 3, respec- 
tively (Fig. 5.1). The intersection counts measured are r]i = 6, 3, 7, 7 for 
i = 0,1,2, 3, respectively. First, a parametric approach is used for the 
estimation of the rose of directions. Using a cardioidal model [95] for p: 

p(a) = -(1 - A: cos 2 (q; - ao)), (5.15) 

7T 

we obtain from (5.12) 

Pl{P) = ^ (l - |cos2(/3-ao)) ,0<P<ir. (5.16) 

Using the least squares method, a fitted curve is obtained for PM, 
see Fig. 5.2 (a), with estimated parameters k - 1.08, ao = 38°, La = 
9.03. Since k > \ the model is in fact unsatisfactory (the density p 
of the rose of directions should be nonnegative). Still this estimator is 
plotted in Fig. 5.2 (b), negative loops along the orientation ^ are not 
observed because they are very small. The presence of negative values is 
a common problem of analytical estimators (also those based on Fourier 
expansions). 

Consider further the three-dimensional situation. Because of similar- 
ity of integral equations (5.10), (5.11) for fibre and surface systems in 

, we restrict ourselves to the case of a stationary fibre system S. The 
problem is again to estimate the rose of directions R given a sample 
of test directions ui,...,Uk € and estimates T)i = rii/A, where nj is 
the number of intersections of H with a planar test probe of area A and 
normal orientation Uj. Similarly to the planar case and leaving aside 
the procedure based on convex geometry, there are basically two other 
approaches to the solution. 

First, a parametric approach means that a parametric type of the 
distribution on the sphere is suggested and the parameters estimated 
from the data on intersection counts. In [21], the axial Dimroth- Watson 
distribution (3.54) was used and the parameter « £ R is estimated using 
maximum likelihood techniques. 

Secondly, an inversion formula to (5.10) is available ([49], [72]) using 
spherical harmonics. It is based on the fact that spherical harmonics 
are eigenfunctions of the cosine transform. Kanatani [59] approximates 
•qi by a finite series of even spherical harmonics and the inverse is then 
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Figure 5.1. A fibre system intersected by a system of test lines of unit lengths. 




Figure 5.2. (a) Polar plot of intersection counts r)i from Fig. 5.1 and the rose of 

intersections fitted by means of the caxdioidal model, (b) Polar plot of the rose of 
directions evaluated from (a) using the cardioidal model. 
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where Qm is the Legendre polynomial of order m and p the probability 
density ofR (with respect to U). The constants Cn are 

^ 4n2-12-4-6....-(2n-2)’ ’ 

To conclude, analytical solutions of the inverse problem (5.8) in both 
two and three dimensions may lead to estimators of the rose of directions 
which are not nonnegative densities. Typically these methods are not 
useful for sharp or multimodal anisotropies. 

Exercise 5.9 Differentiating (5.7), derive formula (5.12). 

Exercise 5.10 Derive formula (5.14). Hint: Write down the definition 
ofdPUk), insert (5.7) and use Fubini theorem. 

5.3. Convex geometry approach 

In this section, the notions of convex geometry introduced in Subsec- 
tion 1.1.2 will be used, namely the support function, zonoid and zono- 
tope. Recall (1.8) that a zonoid is a (centrally symmetric) convex body 
Z in R** with support function 

h{Z,u)= [ |(u,v)|/x(du), (5.18) 

Jsd-i 

where p is its generating measure (an even measure on 

Consider now a stationary fibre (surface) system H in R** . Due to for- 
mula (5.10), the rose of intersections Tyi(u) {Pi{u)) is the support func- 
tion of the zonoid with generation measure Aii, where A is the length 
(surface) intensity and R the rose of directions of H, respectively. This 
idea was observed by Matheron [69] and the corresponding zonoid Z as- 
sociated with R was called Steiner compact. Because of the uniqueness 
of the generating measure of zonoids, the association is unique. The 
problem is, as before, to estimate (in ato mi c form) the generating mea- 
sure p or its norm a li z ed version R (rose of directions) from discrete data 
rji, i = interpreted as the support function values /i(Z„,Ui)of 

a zonotope Zn estimating Z in (1.8). 

Let r?i be estimations of the rose of intersection PLiUi) at given di- 
rections ui,...,Un 6 s'’. The construction of the zonotope from the 
measurement data (t;*) is simple in R^ . It is sufficient to set 

71 

Z = p){x € R?; (x,u) < 

1=1 



(5.19) 
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this is clearly a zonotope (as every centred polygon in ), and it fulfills 
h{Z,Ui) = Tji, i = The situation is more comphcated in R^, 

where the centrally symmetric convex body (5.19) need not be a zono- 
tope. Here the method is based on the following existence result due to 
Campi, Goodey and Weil: 

Theorem 5.11 ([16]) For a zonoid Z and unit vectors ui,...,Uk 
there always exists a zonotope which is the Minkowski sum of at most 
k segments and fulfills 

h{Z, ±ui) = h{Zk,±ui), h{Z, Tujfe) = h{Zk, ±«fc)- (5.20) 

To find a zonotope in R^ fitting the given measurement data, an opti- 
mization procedure based on the constructive proof of Theorem 5.11 was 
suggested in [16]. A further substantial step forwards in this direction 
was made by Kiderlen [61]. 

If a zonotope Zk satisfying (5.20) is found, its generating measure of 
the type (1.9) yields after normalization to a probability measure the 
desired estimator Rk of the rose of directions R. Let /A denote the cone 
of all (nonnegative) Borel finite measures on The djy-convergence 
on )C' is equivalent to the weak convergence on M. with respect to the 
transformation (1.8) (cf. [61]). Since the weak convergence on M. is 
metrized by the Prohorov metric, a natural way to describe theoretically 
the quality of the estimator is by means of the Prohorov distance between 
Rk and R. 

DEEINITION 5.12 Let R,T be two finite Borel measures on a Polish 
space X. The Prohorov distance ofR and T is defined as 

r{T,R) = inf{e > 0 : R{C) < T{C^) + e, T(C) < R(C^) + e (5.21) 

for all closed C C 

where = C ® 

If both R and T are probability measures, we can write equivalently 

r{T,R) = inf{e > 0 : T{C) < R{C^)+e for all closed C C X]. (5.22) 

Under a further restriction that the probability measure T is discrete 
with a finite support, the following reduction to finitely many conditions 
is possible. It holds 

r(T, R) = inf{e > 0 : T(C) < R{C^) +e for all C C suppT}. (5.23) 

This enables to compute the Prohorov distance approximately with an 
arbitrary precision using discrete steps of e, cf. [11]. 
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The estimation of R by means of the Steiner compact wiU be treated 
separately for the planar and spatial cases in the following subsections. 

Exercise 5.13 Verify the equivalence of {5.21) and {5.25) for proba- 
bility measures R, T. 

5.3.1 Steiner compact in 

The relation (5.18) between an even finite measure /i on and its as- 
sociated zonoid Z has a direct consequence of geometrical nature. Given 
u € S^, let pz(tt) denote the support lin e of Z of normal direction u, 

pz(u) = {s € : {x,u) = nxax{y,u)}, 

y€Z 

and let Tz{u) be the intersection point of pz{u) with Z if it is unique; 
if Z r\pz{u) is a l in e segment we let T^(ti) be its endpoint with respect 
to the anti-clockwise orientation of the boundary dZ of Z. If X,y are 
two points of dZ, the length of the arc of dZ from a: to y in the anti- 
clockwise direction will be denoted by lz{x,y). The following result is 
a consequence of the unique correspondence between zonoids and their 
generating measures, see [69]. 

Theorem 5.14 An even finite Borel measure /i on and its associated 
zonoid Z determined by {5. IS) fulfill 

/i((u,u]) = ^lziTz(u*),Tziv*)), u,vG S\ 

where (tt, u] denotes the half-closed arc on passing from u to v in 
the anti-clockwise direction, and u* denotes the unit vector obtained by 
rotating u 6 by the angle ^ in the anti-clockwise direction. 

For the proof, see Exercise 5.19 

Consequently, the proportional length (per unit area) of fibres with 
tangents within an interval of directions is the same as the proportional 
length of the boundary dZ bounded by the pair of equally oriented 
tangents. 

For a stationary fibre system S and the zonoid (Steiner compact) Z 
associated with the rose of directions R of H, it holds by (5.18) 

h{Z, u) = La{Fr{u)., u G S\ 

i.e. comparing with (5.8), 

h(Z, u) = Pl(u), u e 



(5.24) 
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A graphical method of estimation of the rose of directions by means 
of its related Steiner compact set was suggested in [94]. Let 

Pi = rii = Y (^-25) 

be the estimators of the support function values at directions (axial) 
Ui G i = 1, where iVj is the number of intersections of the 
studied fibre system with a test segment of length I and normal direction 
Ui. Set Uj+n = -Ui, i = 1, . . . , n, and extend the p»’s n-periodically to 
be defined for alH G Z. Then by (5.19), the convex polygon (2n-gon) 

Zn- {x : {x, Ui) <pi, i = 2n} (5.26) 



provides a basis to the estimation of the Steiner compact Z related to 
R. The measure pn corresponding to according to Theorem 5.14 is 

2n 

Pn^Y^hiS^,, (5.27) 

2=1 



where hi are the lengths of edges of the polygon More precisely, the 
edge of outer normal direction u, has length hi- In fact Zn niay have 
less edges than 2n if /ij = 0 for some i. 

The edge lengths hi can be computed from the piS as follows. Let Pi 
be the angle corresponding to pi, i.e., Ui = (cos/5i, sin/3j), and assume 
that the directions are ordered so that ^ < Pi <•••< Pn and 
Pi+kn = Pi A kiifox I <i <n and k €Z. Then we have (cf. [11]) 



hi = 



PiCOsjPj - Pi) - pA 
\j<i smiPj-pi) sm{Pj-pi) ) 



(5.28) 



i = 1, . . . , n, where a+ = max{a, 0} is the positive part of the number a. 
Finally, after normalization 



h 



% 




(5.29) 



we obtain the desired estimator of the rose of directions R\ 



2n 



Rjl — ^ ^ 



i=l 



(5.30) 



The d/ 7 -convergence of Z„ is investigated in [94]. It appears that the 
estimator (5.30) itself need not be consistent due to the fact that one 
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Figure 5.S. A Steiner compact Zn (a) and the estimated rose of directions (b) for 
data from Example 5.8. In (b) a circular plot is used where in (5.30) correspond 
to the radii of classes. 

single underestimated observation N{ may cause a substantial decrease 
of the estimated zonotope, see the following example. 

Example 5.15 VKe continue in Example 5.8. This time the data from 
Fig. 5.1 are evaluated by means of the described graphical method. Using 
formula (5.26), the zonotope in Fig. 5.3 (left) is constructed (recall that 
the test lines are characterized by its unit normal vectors) and from 
(5.28), the estimator (5.27) is obtained and plotted in Fig. 5.3 (right). 
The dominant direction is recognized, however, the second largest atom 
at ^ is unrealistic. It arises as a consequence of the sparse test system. 

A modification of the Steiner compact estimator by means of smooth- 
ing was developed in [94]. For an integer n, the data pi are smoothened 
using moving averages: 

r 

Pi= ^ t = 1, . . . , n, (5.31) 

j--T 

where r is a natural number and c_r,...,Cr ^re smoothing constants 
with c_r 4 — • + Cr = 1. Of course, choice of the smoothing constants Cf 
and size of smoothened data r depend on the sample size n. Instead of 
Zn, we consider then the zonotope 

Zn = {x : {x,Ui) <pi, i = l,...,2n}. 

The rose of directions is then estimated again by (5.30), where the edge 
lengths hi and their normalizations h'^ are taken from the zonotope Zn. 
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Figure 5.4- A Steiner compact (a) and the estimated rose of directions (b) for data 
from Example 5.8 using the modified method with smoothing described in Excunple 
5.17. 

The following result implies in fact a strong consistency of the estimation 
procedure. 

Theorem 5.16 ([94]) Let e > 0 and a e (0,1). Then there exist nat- 
ural numbers n, r, unit vectors ni , . . . G § smoothing constants 
C-r, ... iCt such that for any planar fibre system E, if pi, . . . ,Pn are i.i.d. 
Gaussian variables with means PL{ui),...,PL{uk), then 

PT{dH[Zn,Z) < eLa) > a. 

Remark 5.2. a) In the proof presented in [94], the following parameters 
are used: r sufficiently large, n = r^, U{ — iit/n, cj ~ {2r + 1)“^, 
j = — r, . . . , r. Of course, other smoothing constants may be used as 
well. 

b) The normality assumption seems to be quite appropriate when using 
independent test lines, which can be achieved when independent realiza- 
tions of a random fibre system are available. 

Example 5.17 Again for the data from Example 5.8 we use the modified 
Steiner compact estimator with r = 1 and (c_i,Co,ci) = 

Fig. 5.4 (a) the Steiner compact estimated from the smoothed rose of 
intersections is drawn, the estimator of the rose of directions in Fig. 5.4 
(b) corresponds better to the data. 

Example 5.18 In the end of this section, an example of evaluation of 
a real specimen from metallography, see Fig. 5.5, is presented. In a 
two-phase structure we consider the planar fibre system of boundaries 
between black and white phases in a specimen section. The intersection 
counting was carried out at 12 equidistant orientations. The results of 
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estimation of the rose of directions are plotted in Fig. 5.6: (i) the car- 
dioidal model RI 2 , (ii) the Steiner compact if 12 and the corresponding 
estimator i?12. The advantages of the Steiner compact are apparent, be- 
cause the cardioidal model suppresses the evident multimodality of the 
rose of directions. 

Exercise 5.19 Prove Theorem 5.14, using the following construction: 
given a finite even Borel measure fj, on (0,27 t], let be its 

distribution function and F~^ its generalized inverse given by F~^(t) = 
iff F{V>) > * and F{^-) < t. Consider the closed convex curve 

rP 

c:t*-4 I {cosF~^(t),sinF~^{t))dt, t e [0,F{2ir)], 

JQ 

and let Z be the convex body surrounded by c. Show that Z is centrally 
symmetric with width bu{Z) = u 6 hence 4Z is (up to a 

shift) the zonoid associated with pt. Further, it follows from the construe- 
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Figure 5.6. Two methods of the rose of directions estimation: the cardioidal model 
R\ 2 , tlie Steiner compact K \2 and the corresponding estimate Ra- 



tion that Tz {{sin F ^{t), — cosF ^ {t))) — c{t) and that lz{c{t),c{t')) = 
Exercise 5.20 Derive formula (5.28) using analytical geometry. 



Exercise 5.21 Verify that the Prohorov distance between the uniform 
distribution U over and the uniform distribution Un over the 2n di- 
rections 2n, is 



r{U,Un) 



7T 

2n + tt’ 



Exercise 5.22 LetUn be the discrete uniform distribution from Exam- 
ple 5.21 and let Vn be the uniform distribution over the 2n directions 
’ * = 1) • • • 1 2n. Show that their Prohorov distance is 



r{lin, Fn) 



Tt 



whereas the Hausdorff distance of the associated Steiner compact sets is 

, , Tj- r \ 1 ^ 

dH{Fn,Ln) = — arctan-. 

4n n 



This example shows that the Prohorov distance and Hausdorff metric are 
not equivalent metrics, though they define the same convergence. 



5.3.2 Poisson line process. 

A line process is a particular case of a flat process, see Subsection 2.9. 
In particular, any line I in can be uniquely represented by parameters 



151 



Fibre and surface anisotropy 

(a, y) G Cl = [0, 7 t) X K so that 

i = {{xi,x< 2 ) : xisina + X 2 COSa = y}. 

Here a determines the direction of the line and y its signed distance 
from the origin. We have y positive, negative for lines intersecting the 
positive, negative horizontal semiaxis in respectively. A stationary 
line process $ can thus he represented hy means of a point process 5 on 
Cl and the intensity measure A of $ is (see [109]) 

K{d{a,y))=LAdyR{da). (5.32) 

By definition, the line process $ is Poisson whenever the correspond- 
ing point process in Ci is Poisson. The stationarity of $ implies the 
translation invariance of $ in the second coordinate y, the vice versa is, 
however, not true. 

In Theorem 5.16 the independence of intersection numbers measured 
on different test lines is assumed. In practice often a single realization 
(observed in a window) is available and all test lines placed in it, which 
results in dependent samples. In this section attention is paid to such a 
case. 

We will investigate the intersections of a line process with test seg- 
ments of constant length I and of varying directions. Consider the unit 
semicircle x = cos/S, y = sin^, ^ 6 [— f , f]. Denote Q!n = ^ and de- 
fine the test system T of n segments Sj inscribed in the semicircle, see 
Fig. 5.7 (a). The segments have centres (xj, yj), Xj = cosPj cosa„, yj = 
sin/3j cosant normal directions = {2j — n — l)ani j = 1, • • • , n. The 
segments have equal lengths I = 2 sin an- The total length of T con- 
verges to 7T with n~¥ oo. Any straight line in the plane has at most two 
intersections with the test system T. Denote by A{, Aij the subsets of 
Cl corresponding to lines which intersect exactly one, two segments, re- 
spectively. In Fig. 5.7 (b), these subsets are drawn in the case of n = 3. 
Consider a stationary Poisson line process $ with intensity La and a rose 
of directions A. Denote by Ni, Nij the independent Poisson distributed 
random variables with parameters Aj, Ay, respectively, corresponding to 
numbers of intersections of $ with given i— th, i— th and j— th segment, 
respectively. It holds 

Xij = lA dyR{da), Xi = LA dyR{da). 

J Aij J Ai 

From a realization of the process $ we get estimators of the support 
function values of the associated zonoid at 



(5.33) 
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Figure 5.7. The test system T for n = 3 (a), the corresponding subsets Ai, Aij, 
i,j= i<j (b). 




Figure 5,8. (i) Estimated probability density functions of the Prohorov distance 

r{Rn,U), n = 8, On = 0.19, for La = 50 (a), La = 1000 (b). (ii) The same 
case as in (i) after smoothing with r = 2, Cj = 1, j = —2, . . . , 2. 



(cf. (5.25)). 

The aim is to obtain the probability distribution of the Prohorov 
distance between the estimator in (5.30) and the true rose of direc- 
tions R. For a stationary Poisson line process and a special test system 
in Fig. 5.7, this can be achieved by just simulating the data N{, N{j 
from the Poisson distribution, evaluating the estimators and finally the 
Prohorov distance. The results from 1000 independent simulations for 
R = U uniform yield approximations of the probability density of the 
Prohorov distance r(R 

nj R); these are shown in Fig. 5.8 (i) (without 
smoothing), (ii) (with smoothing), respectively. 

Exercise 5.23 Show that the support function values pj in (5.33) sat- 
isfy ^ 

cov ipi,pj) = pVar ATy, i j. 

5.3.3 Curved test systems 

In Chapter 4 the use of cycloidal test lines in stereology was stud- 
ied. Here we shall investigate the role of general curved test systems 
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in the estimation of the rose of directions of a planar fibre process fol- 
lowing [11]. Consider a test system T' of arcs with finite total length I 
and T'{B), B € the corresponding length measure of T' in B. As- 
sume that T' is 1)- rectifiable, hence the tangent (normal) direction 

tvj->(x) (n 7 '»(a:)) of T' at x is defined for ^-almost all x € T'. The 
normal direction distribution 2 of 7^ is given by 

[ /(a)Q(da) = f /(«r'(aj))T'{dx), 

where /is any nonnegative measurable function on (0, tt). It will be 
convenient to assume Q to be extended Tt-periodically over the whole 
real line. 

Denote by T'(/3) the rotation of 7^ = 7^(0) by an angle of /3 € (0,7r] 
in the anti-clockwise direction. The direction distribution of T'{0) 
is related to Q by 

I f{a)Qf(da) = //(a + «Q(da), 

Let S be a stationary fibre system in with length intensity 
and rose of directions R. In this subsection, we shall use its version R 
normalized to a probability measure on (0, tt). Due to Theorem 1.12, S 
intersects T'{B) in n finite number of points almost surely, and let 

P?{P) = l-^En^{EC)r{l3)), iS6(0,7r], 

denote the related rose of intersections. The following result is due to 
Mecke [71]. 

Proposition 5.1 Let 5, T ' be as above. Then 

P^iP) = LAPp.QAP)r P € (0, tt], (5.34) 

where Q_is the reflection ofQ (i.e., Q_{B) = Q{—B)for any Borel set 
B) and R*Q_ is the convolution of measures (see Subsection 1.1.1). 

Remark 5.3. In particular, forQ=U uniform it follows that 
^La = Pl does not depend on p. 

Proof. Let C denote a unit square in Due to the stationarity of 
H we have 

En\EnT'iP)) = E f n^{{E + z)nr{p))dz 

Jc 

= Ej^RP(^{{Enc) + z)nr{P)^dz. 
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Applying Theorem 1.12, we get further 

E7/°(Hn7^(/?)) = / f \am4{wsix),wr'iy))\'H^{dy)'H^idx) 

Jsnc Jr 

= LaI / |cos(ai -a2)|<5^(dQ:2)-R(<iai) 

= LaI [ f I cos(ai - «2 - /3)|<3(dQ!2)i?(dai) 

J[0,ir) y[0,7r) 

= LaI f I cos(a — / 3 )\{R* Q_)(da) 

4ro.Tr) 



/[0,TT) 

= LAEFR*Q_{fi). 



□ 

Generally, comparing (5.7) and (5.34) we see that if there is a statis- 
tical method for estimating R from (5.7), the same method estimates 
R * Q_ from (5.34) when using a curved test system. Unfortunately, 
the system of probability measures with convolution operation does not 
possess a natural inverse element to solve equation R* Q_ = Qi for an 
unknown 7?, cf. [48]. 

The Dirac measure Sj, 7 € (0, tt], provides the rotation — Q * 
of a given distribution Q by 7. The effect of the convolution operation 
of measures on Steiner compact sets may be observed most easily when 
both measures are discrete: if i? = SiLi > *5 = > X] " 

Y^bj — 1, > 0, aj,7j e (0, 7 t], then the convolution R* Q\s again 

a measure with finite support, namely 

n 771 

R* Q — ^ ^ ^ ^ 0>ibj 5ai + 7 y • 

i=l i=l 

The Steiner compact set (zonotope) associated with the discrete measure 
R* Q has form Z = <^4]) where qj = ai6j(cos(ai + 

7j),sin(aj + 7,)) in coordinates. 

The following result comes from [49], [71]. 

Proposition 5.2 Eor the Eourier images mk). dQik) defined by 
(5.13) and for ^P?{k) = /; it holds 

^i2(Ai)ffQ(-A:) = A: = ...,-1,0,1,.... (5.35) 
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Proof. The formula follows from (5.14) and from the fact that ^{R* 

Q_){k)=m{k)dQ{-k). □ 

Further we observe that the local smoothing in (5.31) can be expressed 
in terms of the convolution with a discrete measure Q representing the 
orientation distribution of a test system. 

Proposition 5.3 Let Q be the n -periodic extension of the discrete mea- 
sure Q - Ej=-r > Cj > 0, Y.]=-r Cj - 7j e (0, 7T], j = -r, . . . , r. 
Then 

T 

Pl(P) = E ^ ^ ^ (0, 7t]. 

j=-r 

Naturally, it is not necessary to restrict oneself to atomic measures Q 
for local smoothing; diffuse measures correspond to curved test systems. 

Example 5.24 Let R = So and let Q_ be the uniform distribution on 
(0,ao) for some 0 < oq < t'‘/2 small. Then J-r{ci) — lcosa| and 
•^R*Q-(a) = ao^|sin(a + ao) - sinal if tt/ 2 < a < a + «+ < tt/2, 
with an apparent smoothing effect for ao > 0 small. 

It is concluded that curved test systems present an alternative to local 
smoothing in (5.31) when estimating the Steiner compact. It should 
be kept in mind that using the rose of intersections P^(/3) (i.e. using 
local smoothing) we get estimators of ii * Q_ instead of R. In , the 
convolution operation for measures on does not exist in a simple form 
because of the complexity of the space of rotations in . 

Exercise 5.25 Prove Proposition 5.3. Hint: Evaluate and 

use (5.34). 

5.3.4 Steiner compact in d > 3 

The complications in approximating the zonoid associated with the 
rose of directions 7? in d > 3, are due to the special nature of zono- 
topes and zonoids. The intersection of supporting halfspaces determined 
by the estimated rose of intersections (5.19) produces a centrally sym- 
metric polytope but it is not a zonotope in general because its lower 
dimensional (two-dimensional) faces need not be centrally symmetric. 
Also the interpolation and smoothing procedures do not produce zonoids 
but only generalized zonoids. They are centrally symmetric but their 
even generating measures determined by (1.8) are not nonnegative as 
required but only signed ones [99]. Consequently, the inversion of the 
integral equation (5.10) proposed in [49], [59] need not give a nonnegative 
estimator of the rose of directions R as pointed out in [41]. 
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More correct solutions based on Theorem 5.11 were suggested by 
Kider- len [61]. The basic idea is an approximation of the generating 
measure /j, = L^R by a measure with finite support 

Tm = {vu---,Vm,-Vu---,-Vm} C (5.36) 

such that Zm = -Uf] is a zonotope estimating a zonoid Z 

corresponding to fx. The problem is a suitable choice of and of the 
weights at such that Z^-¥ Z in the Hausdorff metric if m -»• oo. 

Let H be a stationary random fibre system in with intensity Ld and 
a rose of directions R. Consider n fixed test hyperplanes with nor- 
mals Ui G i = 1, . . , ,n, such that they do not contain a common 

line. Denote rji = VP{Er\Wi) the number of intersection points counted 
in S n PTi, where Wi C uj- are the observation windows of unit areas 
Ud-i{Wi) = 1 in the test hyperplanes. All the rji’s then constitute a ran- 
dom vector = (vi, • ■ • ,Vn) with mean value Er){fx) = (E»yi, . . . , E%), 
where in R^ we have, cf. (5.10) 

Er^i = PAiui) = LyPniui), i = 

In contrast to the test system T' in the planar case, we assume here 
that are independent, which can be ensured by examining 

independent realizations of S for different planes u^. 

The idea of a maximum likelihood (ML) estimator of the measure fx 
was formulated in [67] and is further developed in [61]. Assume that H 
is the union set of a stationary Poisson line process, hence the are 
Poisson distributed random variables. Further, assume that the observed 
realization ^ = (^i, . . . , rjn) of i]{fx) is a non-zero vector. The ML estima- 
tor p, maximizes the log-likelihood function £,{fx) : fx logPr(7?(//) = fj), 
i.e. (cf (2.16)) 

n 

-2(/^) = E ^ogiLdTRiui)) - LdTRiui)). (5.37) 

1 = 1 

The convex optimization problem 

(i) minimize -iJ(/i) with respect to ix G M 

has always a solution, see [67] (recall that M. denotes the cone of aU 
finite Borel (nonnegative) even measures on It is not unique but 

any two solutions are tomographically equivalent, i.e. they satisfy 

Eriiifxi) = Eth{p2) 

for all i = 1,.. . ,n. For large n and regularly distributed Ui on the 
Prohorov distance of tomographically equivalent measures is small. 
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It was shown in [61] that it is sufficient to solve a discretized version 
of (i), namely 

(ii) minimize — £{/i) with respect to /x e M{Tm), 

where is the cone of all finite even measures with support con- 

tained in the finite set Numerical methods must be used in order to 
find a solution to (ii) in the finite-dimensional cone M{Tm). There is a 
choice of which is optimal in the sense of the following theorem. We 
will specify this just for d = 3, for general formulation see [61], where 
the theorem is proved under assumption that H is the union set Poisson 
line process and, consequently, Tj{fi) is multivariate Poisson distributed. 

Theorem 5.26 ([61]) Under the above assumptions concerning the choice 
of test planes and fj, the problem (ii) has a solution. If I'm is the set of 
all unit vectors orthogonal to linearly independent pairs in {ui,...,Un} 
then any solution of {ii) is a solution of (i). 

Clearly m < n(n — 1) /2 for d = 3. Denote Rm,n the ML estimator of 
the rose of directions based on n test orientations and Tm as introduced 
in Theorem 5.26; hence ft = LdRm,k if A is the solution of (ii). It can 
be shown that Theorem 5.26 holds for general stationary fibre systems, 
too. It need not be a maximum likelihood estimator then (the Poisson 
property of Tji may fail), but it is consistent in the following sense [61]. 
An asymptotically smooth sequence {ui, itg, . . . } 6 is a sequence in 
Kf* such that the sequence of measures Tjt = ^ converges weakly 

in M. and the limit has a positive density. 

Theorem 5.27 ([61]) Let H be the union set of a stationary fibre sys- 
tem in with generating measure p = L^R which is not supported by 
any great circle in and let{u\, U2, . . . } be an asymptotically smooth 
sequence inS^~^. Let rh,... ,r]k be independent intersection counts in 
unit windows in {uj*-, . . . , respectively, and let there exist a constant 
c € R such that E(7{®(H D 5**“^)^) < cfor all unit (d — 1)— dtmenstonai 
balls Then R is estimated consistently by the ML estimator in the 

strong sense, i.e. we have 

lim dH{Rm,k,R) = 0 



almost surely. 

To obtain a numerical solution /t of problem (ii) the EM algorithm is 
proposed in [61]. The principle of EM algorithm is described in detail 
in Chapter 6 where it is used for solving another problem. 
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The second approach to the estimation of 7? in [61] is based on an idea 
of [16] and it generalizes the 2D approach based on (5.19). Theorem 5.11 
implies the possibility of approximating zonoids by zonotopes in fixed 
directions U\,...,Un- Next we are looking for a zonotope Z which is 
contained in a polytope 



n 

Qn = {x,u) <h{Z,Ui)}. ( 5 . 38 ) 

t=i 

In contrast to the planar case, Qn need not be a zonotope in dimension 
d > 3. Theorem 5.26 suggests the choice of Tm which should contain 
the set of orientations of line segments forming the zonotope Z. Then 
only the lengths of its line segments have to be determined. Using Zm — 
0^^ aj[— Uj,Uj] we get a linear program 

minimize: Oij\{vj, Ui)(), 

subject to: < h{Z,Ui), i = 1, . . . , A:, 

aj > 0, j = 

It can be derived from Theorem 5.26 that there exists a solution of this 
linear program with objective function value 0, which yields the desired 
zonotope and, by optimization theory, at most k of the aj's are nonzero. 
However, the substitution of estimators for h{Z,Ui) is dangerous in 
this case because the values of fji substantially lower then lF7i(ui) (their 
presence cannot be excluded) can produce an estimate Rfn = 0 with a 
positive probability. Consequently, it is recommended to replace fji by 
their arithmetic averages obtained by independent replicated sampling. 
Using a numerical optimization procedure to the solution of linear pro- 
gram (LP) the estimator of the rose of directions is obtained and a 
consistency theorem analogous to Theorem 5.27 can be formulated, see 
[61], where also both estimators (EM and LP) are compared. It is con- 
cluded that for a smaller sample size the maximum l ik elihood estimator 
(using EM) is slightly better while for larger sample sizes the hnear pro- 
gramming should be preferred because the slightly worse performance of 
the LP estimator is well compensated by its being less time consuming. 

Exercise 5.28 Derive formula (5.37) in detail. 

Exercise 5.29 Show the tomographical equivalence of any two solutions 
of optimization problem (i). 
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5.3.5 Anisotropy estimation using MCMC 

In this section it is shown that besides methods suggested by [61] 
(refered in Subsection 5.3.4), a Bayesian approach is applicable for the 
estimation of the rose of directions and the Markov chain Monte Carlo 
(cf. Subsection 1.2.2) technique is useful. The presented method was 
developed in [90] and denoted MH. Assume that H is the union set of a 
stationary Poisson line process with intensity Ly and a rose of directions 
R. Let all assumptions from the previous subsection between (5.36) and 
(5.37) be fulfilled. 

The log-likelihood function £ is then, cf. (5.37) 
n 

£(Ly, R) = ^ log(i)y,FR(tti)) - Z-y,Ffl(ltj)). (5.39) 

i=l 

A parametric model for the rose of directions is used, namely 

m 

R = Y.aj5tj, (5.40) 

j=i 

where aj > 0, = land tj € T^in (5.36). Hence, aU feasible 

vectors a = (oi, . . . , a^) form a simplex S in M”* . In this model it is 

m 

j=l 

In the Bayesian approach we put prior on a,L\r- An indeterminate 
prior is a reasonable choice, i.e. a is uniform random on S and Ly 
uniform random on an interval B = [0, where Ly^ is an upper 
bound for possible values of Ly (which is justified in practice and in 
theory Ly^ vanishes). 

The posterior distribution 11 of (Ly,a) given fji, i = l,...,nin this 
model has a density tt proportional to the product of prior and likelihood 
(using (5.39)) 

7t(Ly, Oi,..., Om) OC (5.41) 

n m n / m 

exp{-Ly 1 {Ui,tj) DH 1 I 

i=l j=l »=1 \i=i 

on M = B X S with respect to the restricted Lebesgue measure. The 
density tt vanishes outside M. Denoting by Ly, di, . . . , d^ the marginal 
posterior means, Ly is a Bayes estimator of Ly and the desired Bayes 
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estimator of the rose of directions 7? of S is 

m 

R = J2^jSt.. (5.42) 

j=i 



From the consistency of the maximum likelihood estimator in Theo- 
rem 5.27, using the compactness of the parametric space M and Lem- 
mas 1.25, 1.24 it follows that the Bayes estimator (5.42) is consistent as 
well. 

Since the complicated form of the density tt does not allow to evaluate 
the estimator (5.42) analytically simulation techniques are used for this 
purpose. The Metropolis algorithm, see Subsection 1.2.2, can be used 
for the simulation of the posterior distribution. The state space for the 
Markov chain T is M i.e. a compact subset of with positive 
measure. The random walk Metropolis algorithm with proposal density 
q[Xt y) = f{y — x), cf. Example 1.20, is applied where / is the density of 
the product of centered normal distributions x A/’(0, cr^/) cor- 

responding to Ly (one-dimensional) and a ((m — l)-dimensional because 
of the condition ~ !)• Here I is the unit matrix of order m — 1 

and <7i > 0, aa > 0. For more details see [90]. 

Let {Ly,a) be a state of the chain and {Ly,a') a proposal. The ac- 
ceptance probability in (1.26) is 



a((Lv,a),(i'p,a')) = { J 

and 



if [Ly, a) E 

if {Ly,a) £ M and {Ly,a') E 



a{{Ly,a),iL'y,a')) 



= min 





for both (Ly,a), {Ly,a') E M. Here the expression w = Ca is used, 
w = (lOx, n? 7 i), where C = {C'tj} is a matrix with elements Cij = 
i = j = 

Let P be the resulting probability kernel (cf. (1 .27)) restricted to M x 
B{M). The Markov chain with kernel P is aperiodic, ■0-irreducible and 
uniformly ergodic. From the uniform ergodicity of P the central limit 
theorem holds (1.25) for ergodic averages square 

integrable function / of the limiting distribution 11 and any starting 
value of the chain realization. 



Example 5.30 Simulations were performed in order to study the pro- 
posed MH estimator. Consider a stationary Poisson line process ^ in 
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with the rose of directions R\ of Fisher type with density 

qK\{x,uo)\ 



(5.43) 



and concrete values uq = (0.572,0.572,0.588), k = 10. Let the number 
of test directions be n = 10 and /ef Uj, i = 1, . . . , 10, be outer normal 
directions to the faces of a regular icosahedron in standard position (i.e., 
with a face in xy-plane and an edge in x-axis) and unit face area con- 
tents. Ten independent realizations of^ with Ly = 100 are simulated 
and the realizations fji, i = 1, ...,10, of the intersection process are ob- 
tained. The set Tm (5.36) supporting the estimating rose (5.40) consists 
of m = Ab (pairs of) vectors. Parameters Lv,cii,. . . ^am are estimated 
as posterior means using the MCMC algorithm. The starting iteration 
is 



4°) = 2^, afUl, iG m}. 

^ n m 



(5.44) 



Note that is an unbiased estimator for the length intensity in the 
isotropic case, see (4.3). The variances of the proposal distributions 
were chosen = 1 and a\ = 0.001. From the simulated Markov chain 

■ ■ ,am), the ergodic averages 



, 10000 

- _ 1 (lOOt+5000) 

“ 10000 ^ 



i = 1, . . . ,m, 



(5.45) 



are evaluated. Figure 5.9 shows the resulting MH estimator (5.42). 'We 
can see that the estimator detects both the anisotropy of R\ and the 
symmetry of Ri well. 

In [90] three estimators (MH, EM and LP) were compared in simula- 
tions w.r.t. both bias (Prohorov distance) and variability (characteristics 
of empirical covariance of vector a). It was shown that MH estimator 
may have a smaller variability than EM and LP. 

Exercise 5.31 Write down a computer code for the MH algorithm of 
the presented rose of directions estimation. 



Exercise 5.32 Run the algorithm from Exercise 5.31 for data simu- 
lated from the uniform rose of directions. Use faces of a regular octahe- 
dron as test probes. 



5.4. Orientation-dependent direction distribution 

The rose of directions /? of a stationary fibre or surface system in H** 
considered so far was an even (centrally symmetric) probability mea- 
sure on Consider now, roughly speaking, a full (d)-dimensional 
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Figure 5.9. MH estimator of the rose of directions in the simulation study. In eeich 
point ±<j, tj € Tin Q S* a small sphere is drawn with radius proportional to aj. The 
ajds of the Fisher distribution is denoted by a triangle. 

Stationary random closed set E with (piecewise) smooth boundary and 
let n{x) G be the unit outer normal vector to a; 6 H (defined at 
almost all boundary points x of 5). The distribution Ro of n{x) at a 
typical point x (with respect to the Palm distribution of the random 
measure ^d-i 

I 0H) is called the orientation dependent rose of normal 
directions of S. Note that Rg need not be an even measure, consider e.g. 
a random set S formed by translation equivalent triangles. Note also 
that the symmetrized version 

R{B) = ^{Ro(B) + Roi-B)), B c Borel, 

is the usual rose of (normal) directions of the stationary surface system 
dE. For some applications, estimations of the oriented version Rg of the 
rose of directions might be demanded. 

For a rigorous description of the model E we need the rectifiability of 
the boundary dE and the existence of an oriented normal vector field de- 
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fined a.e. on 9S which could be interpreted as outer normal vector field. 
It seems that no approach encompassing such general sets as those with 
Hausdorff rectifiable boundaries has been established so far. Usually, one 
can find in the literature the oriented (normal) direction distribution in 
connection with curvature measures (in fact, Rg is a multiple of the mean 
curvature measure of H of order d — 1) which require much stronger as- 
sumptions, e.g. (poly)convexity, smoothness or positive reach. We shall 
limit ourselves in this section to random sets with realizations in the 
family R of locally finite unions of convex bodies with nonempty interi- 
ors (sets from TZ belong to the extended convex ring and the additional 
assumption of nonempty interiors guarantees the full-dimensionality). A 
stationary random set H with values in TZ can be realized as union set 
of a stationary process of convex or polyconvex (finite unions of convex) 
bodies with nonempty interiors. Most of the results are valid also for 
certain finite unions of sets with positive reach (see [96]). 

Given a set A C and a € A, the normal cone of A at a is defined 
as 

Nor (A, a) = {n G : (n, «) < 0 for any u G Tan (A, a)}, 
where Tan (A, a) is the (usual) tangent cone defined in Subsection 1.1.3. 

Lemma 5.33 If X ElZ then dX is 'H^~^ -rectifiable and at -almost 
all X G dX, the outer normal direction n{x) G Nor (X, x) D to X is 
uniquely determined. 

Proof. Let with convex bodies Ki of nonempty interiors. 

The boundary of each Ki is (d— l)-rectifiable (cf. Exercise 1.9). Hence, 
the union \JidKi is locally (d — l)-rectifiable and the boundary dX 
is "W** ^-rectifiable as a measurable subset of \JidKi. It follows from 
Theorem 1.5 that the approximate tangent space Tan‘^~^(5X, x) is a 
(d — 1) -dimensional subspace. Due to the relatively simple structure of 
convex bodies, it is clear that the approximate tangent cone agrees with 
the usual one, Tan(5X, x). By the full-dimensionality assumption we 
have that the tangent cone Tan (X, x) must be a halfspace at such a point 
X and, therefore, the unit outer normal vector is uniquely determined. 
□ 



Lemma 5.33 enables us to define the orientation dependent rose of 
normal directions Rg of H as the distribution of H at a typical point x 
of dE: 

Rg{-) = Pro[n(0) G •], 

where Pro is the Palm probability under condition 0 G dE. Using the 
stationarity of 5 (and, hence, of 5S) , we can write equivalently by The- 
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orem 2.31 

Ro{-) = 6 5 n : n(ar) G •}), 

where Sd is the surface intensity of H and B is any Borel subset of 
with finite positive volume. 

Remark 5.4. The product SdRo is called the mean normal measure of 
H by Weil [119] and it coincides with the density of the second projection 
of the (d — l)-st generalized curvature measure (support measure) of S. 
This follows e.g. from the integral representation of curvature measure 
[96, Theorem 4.1]. 

Remark 5.5. The notion mean normal measure is often used also in 
connection with a stationary particle process. If # is a stationary pro- 
cess of convex particles in R** (cf. Subsection 2.8) with intensity a and 
primary grain Zq, its mean normal measure is defined as 

5($,-) = «E5(Zo,0, 

where 5(Zo,-) = € 8Zq : n{x) 6 •}) is the normal measure 

of the convex body Zq. If $ is Poisson then the mean normal measure 
of the union set 3 = equals 1 — Vy times the mean normal 

measure of where Vv denotes the volume fraction of the union set 3 
(see e.g. [103, Satz 5.4.2]). 

The estimation of Ro is much more difficult than that of the unori- 
ented version R. Note that the rose of intersections Pl{u), u 6 
determines only R but not Ro (consider a union set of a process of trans- 
lation equivalent triangles; the rose of intersections remains unchanged 
if we replace the triangles by its symmetric images, but the oriented rose 
of directions will change). In fact, linear probes do not provide sufficient 
information for the estimation of Rg. 

The following estimation procedure was suggested by Schneider [100]. 
The integral formula 

e S3 n : (n(x), «) > 0}) (5.46) 

= Sd Ro{dv), u € 

holds and is invertible in the sense that the values in (5.46) at each 
u 6 determine the mean normal measure SyRo of 3 uniquely. The 
values on the left hand side of (5.46) can be estimated from flat sections, 
nevertheless, two close parallel sections are needed in order to determine 
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which points a; G 9H in the section have the unit outer normal n{x) 
directed into the hahspace given by the vector u. 

Another method based on measuring dilation volumes was proposed 
in [92] for d = 2 and [93] in general dimension. This is based on the 
following two results which are formulated in the design-based setting 
(with a deterministic bounded set) in [93] but can be easily transformed 
to the case of a stationary random set as follows, see also [55]. 

Given a polyconvex set Z in its normal measure is defined as 

S{X\-) = e dX : n(x) e •}) 

(note that this is the twofolf of the {d— l)st area measure ofZ, see [93]). 
If Z is a convex body we define 

Vd-i,i{X,K)^ f /i(iC,-u)cTd_x(X;dn). 

Jsd-i 

Note that V^_i^i{X, K) may be interpreted as generalized mixed volume 
since it equals a multiple of the mixed volume, dV {X, ...,X, —K), if X 
is convex as well (cf. [99]). 

Theorem 5.34 ([93, Theorem 3.1]) Let X be as above and let K be 
a convex body such that the orthogonal projection of its support function 
onto the subspace of spherical harmonics on of degree n is nonzero 
for any integer n > 0, n / 1. Then the normal measure S(X;-) is 
uniquely determined by the values of Vd-i^i{X,pK), p € SO{d). 

The proof is based on a uniqueness result for spherical harmonic 
expansions due to Schneider [99]. In dimension d = 2 the argument 
is rather easy since then the n-th Fourier coefficient of the function 
<P where p^, is the rotation by <p G [ 0 , 27 t ), equals the 

product of the nth Fourier coefficients of SiXp ) and of h{—K, •). But 
the assumption says that all Fourier coefficients of h{K, •) are non z ero 
except of that of order one. The Fourier coefficient of order one of 5(Z;-) 
is always zero due to a symmetry property of the area measures. 



Remark 5.6. An example of a convex body fulfilling the assumption 
of Theorem 5.34 is a triangle having at least one angle which is not a 
rational multiple of tt (for any dimension d > 2). 



For a stationary random set H from 72, with finite surface intensity 
and oriented normal direction distribution Ro, we define the correspond- 
ing densities 



= lim 



1 



r-roo u^{rB) 



BVa-i,ii'SnrB,K), 
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where B is any convex body containing the origin in its interior; see [103] 
for the correctness. Since also 

SdRo= lim - Ead-i(5nr.B) 

r-¥oo Vi{rB) 

in the weak sense (see [103]), we have 

Corollary 5.35 The mean normal measure SdRo of a stationary ran- 
dom set E from TZis uniquely determined by the values of Vd-i,i{E, pK), 
p € SO(d), if K is a convex body fulfilling the assumption of Theo- 
rem 5.34. 



Theorem 5.34 and Corollary 5.35 suggest to estimate the functional 
Vd-i^i{E,pK) for rotations of a suitably chosen convex test set K. Of 
course, the determination of the mean normal measure from these values 
is a difficult problem, some suggestions for the planar case can be found 
in [92]. 

For the estimation of Vd_i,i(S, iC), we may use the volume fractions 
of dilations of S with infinitesimal multiples of K. This is based on the 
following result. 



Theorem 5.36 Let X be a polyconvex set in and K a convex body. 
Then 

V t\K\ 

- ^hm ^ . 



For the proof see [55]; another proof can be found in [93] for more 
general sets X but with additional assumptions concerning the relation 
of X and K. 

For a stationary random set S, we may approximate iif) by 

(i/rf(r5))“^EVrf_ip(Srir5, K) which, by Theorem 5.36, tends as r — >• oo 
to the limit as £ — >• 0 of the volume fraction of the collar set (S0£(— if))\ 
H through e. Thus, we have 



Corollary 5.37 Let E be a stationary random set with values in TZ 
with volume fraction Vy and K a convex body. Then 



Vd-i,i{E,K) 



lim 

e— ^0+ 



VviE®ei-K))-Vy{E) 

£ 



Instead of convex sets, finite sets may be taken for test sets. It was 
shown by Kiderlen and Jensen [62] that for a polyconvex set X which is 
topologically regular (i.e., it equals the closure of its interior) and for a 
finite set M = {mi, . . . , mjfe} containing the origin. 



( 5 . 47 ) 
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= e{-M)) =:uA y (X + tm) , 

VmgM / 

see also [91] for the case m = 3 (which is sufficient to determine the 
normal measure) and more general sets X. Note that we can use alter- 
natively the volumes of intersections, 

V'Ar(f) = t'd f n 

\m€tV 

for subsets N Q M and derive by using the inclusion-exclusion 

formula. Consequently, the mean normal measure of a topologically 
regular stationary random set H from TZ is uniquely determined by the 
values V’Af(0+) finite test sets M with at most three elements, where 
is the volume fraction of 

Pi (S -H tm). 

m^M 

A practical method using digitized images is suggested in [62]. 
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In this chapter, a special problem for particle systems is studied which 
is called the stereological unfolding. It consists in the estimation of par- 
ticle parameters characterizing size, shape, orientation, etc. from the 
information obtained on a planar seetion. 

In the first part of the chapter, stereological unfolding problems for 
the joint distribution of particle parameters are discussed. We focus 
on problems including particle directions (called orientations); this part 
of development is not presented in a review Chapter 6 on unfolding 
problems in Ohser and Miicklich [86]. Further, the EM-algorithm and its 
use for the solution of unfolding integral equations is explained. Finally, 
numerieal results are presented using real data from metallography. 

In the second part of the chapter, a stereological problem of prediction 
of extremal particle parameters is investigated using the statistical ex- 
treme value theory of de Haan [24]. This is still an unsolved problem of 
considerable importance since in many applications extremal properties 
are more critical than e.g. mean values. 

6.1. Stereological unfolding 

The history of unfolding problems started by the WickseU’s paper 
[122] on spherical and ellipsoidal particles. There is a vast literature 
on the estimation of a distribution of sphere radii from the observed 
distribution of radii of eircular particle sections, for a review see [109]. 
The problem of spheroids (i.e. rotational ellipsoids) was shown in [19] 
to be undetermined if both prolate and oblate spheroids are included 
in the particle system. Consequently, the cases when aU particles are 
either oblate or prolate are considered separately. Modem numerical 
methods of the solution of various unfolding problems were presented 
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in [86]. We start with a general background. Throughout the whole 
chapter, considerations are restricted to particles and particle systems 
in , though, of course, some results might be formulated in a more 
general d-dimensional setting. 

6.1.1 Planar sections of a single particle 

In this chapter, a particle is always a convex particle, typically of a 
given shape. We consider first a fixed single particle K and a fixed 2- 
dimensional subspace i 6 £ 2 . If is taken uniformly randomly from 
the projection PixK, then 



{K-z)nL 

is a random convex body in the plane L. 

We shall be mostly interested in planar sections with section planes 
which are random not only in translation but also in direction. Let Q be 
a probability distribution on £2 (or, equivalently, an even distribution 
on S^) and consider the measure pq on the space of planes in R^ 
defined by 



(iQ{dF) = U2idz)Q{dL), 

where F = L + z and z G L-^ (note that iiQ = 1/ is the uniform distri- 
bution then pu = fj ,2 is the integral-geometric measure of 2-dimensional 
flats in R* introduced in (2.42)). Let further be the restriction of pq 
to the flats hitting K, normalized to a probability measure (of course, we 
have to assume that K is full-dimensional, or that Q is not concentrated 
in those subspaces L which contain a translate of K). If F is a random 
plane with distribution then if D F is a random section body of K. 
Note that in this case, the section body, though being two-dimensional, 
is not contained in a fixed two-dimensional subspace of R® . The dis- 
tribution of the random section body can be described in the following 
way. If / is a nonnegative measurable function on the space of convex 
bodies, then 



Ef(KnF) 






f{Kn{L + z))dzQ{dL), 
( 6 . 1 ) 



where biK = i/i{pixK) is the width of K in direction L-^. We shall be 
interested in the distribution of some multidimensional parameter y of 
K C\F which is translation invariant. 
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6.1.2 Planar sections of stationary particle 
processes 

Let $ be a stationary particle process in , i.e., a stationary point 
process on the space C' of nonempty compact convex subsets of (see 
Subsection 2.8). Let N\r denote its intensity and Aq the distribution of 
primary grain Zq (distribution on C'). We shall start with a fixed section 
plane L. 

Lemma 6.1 7f $ is as above and LeC2, then 

$nL:= {K0L:K£^} 

is a stationary particle process in the two-dimensional space L with in- 
tensity 

Na = NvJ bL{K)Ao{dK) 

and primary grain distribution Af given by 

I f{K')A[^\dK') = { 1 1 bL{K)AoidK))-' ^f{{K-z)nL)dzAoidK), 

where f is any translation invariant nonnegative measurable function on 
the space of convex bodies in L 

Remark 6.1. Both equations from Lemma 6.1 can be written as one 
equation: 

Na f f{K')Af\dK’) = Nv f f f{{K ~z)n L)dzAo{dK). (6.2) 

J J Jpj^±K 

Proof. Consider the mapping 

t-.K^KDL 

from C' to the space C'{L) of convex bodies in L. r is measurable with 
respect to the Hausdorff metric in both spaces (see [69]) and r commutes 
with shifts in L. In the setting of random measures, the point process 
$ n L is the image measure $ o of the random measure $ and, 
therefore, also its intensity measure fulfills = Aor"'- with A = E$. 
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Thus, we have for any integrable function / on C\ using Theorem 2.41, 

I f{K)A^^\dK) = I f{KnL)A{dK) 

= Nv j J f{{Ko + x)r\L)i/s{dx)Ao{dKo) 

= Nv [ [ [ fi{{Ko-z)nL)+y)i^idy)dzAo{dKo), 

J Jp^±KJL 



from which the desired relations follow. □ 

Consider further a randomization of the section plane (subspace) L 
with respect to a distribution Q. The section process $ fl L must be 
considered now as a particle process in the whole whose particles 
are, however, two-dimensional convex bodies. Of course, $ D L is not a 
stationary particle process in R^ , but it is a mixture of stationary planar 
particle processes. Using Lemma 6.1, we can write down its intensity 
measure. We shall use the notation for the section process D L 
and A^ = for its intensity measure. 



Proposition 6.1 Under the notation introduced above, we have for any 
stationary process $ of convex particles in R^ and probability distribution 
Q on £2 



I fiK)A^{dK) 




f{({Ko -z)nL)+ y)u 2 idy)dzAo{dKo)Q{dL) 
fUKo nF) + y)u2{dy)p^'^HdF)Ao{dKQ), 



where Fq denotes the plane F shifted to the origin and p,Q°^ is the dis- 
tribution of a Q-weighted random section plane of Kq introduced above, 
and 

b(Zo) = I bL{Zo)QidL) 

is the mean width of Zq w.r.t. the distribution Q. 



Remark 6.2. In view of Proposition 6.1, we can interpret 



NA = Nvb{K(f) 



(6.3) 
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(up to a shift) as the primary grain of the section process $ H L, if Zq is 
the primary grain of 

Exercise 6.2 Prove Proposition 6.1. Hint: Use Lemma 6.1 and the 
definition of . 

6.1.3 Unfolding of particle parameters 

Assume that the primary grain distribution Aq of $ is parametric, 
i.e., that the primary grain Kq = ■K’o(x) is determined by a multidimen- 
sional parameter x € K” with distribution function H(x). Let further 
y € M'"' be a multidimensional characteristic of the section body Kq D F. 
We denote by P(dy | x) the conditional distribution function of KqHF 
provided that Kq is described by the parameter x. Of course, the pa- 
rameters X, y are supposed to be translation invariant as characteristics 
of primary grains. 

Applying Proposition 6.1, we get the relation for the distribution func- 
tion G of y as a Stieltjes integral 

NaG{y) =Nvj b{Ko{x))P{y \ x)dff(x). (6.4) 

If probability densities dif(x) = (i(x)dx and P(dy \ x) = p(y ] x)dx 
exist, then the density g of G exists as well and satisfies 

NAOiy) =^v J HKo{x.))p(y I x)/i(x)dx. (6.5) 

The stereological unfolding problem consists of the evaluation of un- 
known particle characteristics h, Ny from the particle section distribu- 
tion g and Na which can be estimated from sections by planes with a 
given distribution Q. Formula (6.5) presents an inverse problem since 
the aim is to obtain the probability density h. For special kernel func- 
tions 

fc(x,y) = b{KQ{x))p{y \ x)h{x), 

an analytical inversion is available. A numerical solution frequently 
starts from the formulation (6.4) in terms of distribution functions. 

Example 6.3 (Wicksell’s corpuscule problem, [122]) Consider a system 
of spherical particles with random radius of distribution function H{x). 
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Figure 6.1. Wicksell corpuscule problem: a particle and its section (thick line). 

The intersection with an lUR section yields a system of circular particle 
sections with random radius Y and a distribution function G{y). Then 
(6.4) takes the form 

roo 

NAG{y) = 2Nv {x-s/x^-y^)dH{x), y>0, (6.6) 

Jy 

since 

P(y I x) = Pr(C7 > ^/x^) = 1 - ^1-^, 

where U is a uniform location of a section plane on see Fig. 6.1, 
and the width of any particle is constant and equals 2x. The moments 
ak — f x'°dH{x) and Xk = f V^dG(y) are related by 

2r(^) ai ’ 

fork = —1,0,1, For k = —I a formula for the mean sizeai = 

2 ^ is obtained from (6.7), however when using empirical mean X-i — 

yi being realizations of Y, in this formula we obtain an es- 
timator with infinite variance, see [117]. This is typical for ill-posed 
inverse problems, lll-posedness in practice means that small errors in 
the estimation of the quantity on the left hand side in (6.6) may lead to 
large errors in the estimation ofHix). 

Further, attention is paid to unfolding problems with more than one 
particle parameters. The setting presented here is, in fact, equivalent 
to that used by Cruz-Orive [19] for the size-shape unfolding problem 
of spheroids (either all oblate or all prolate). Formulas (1),(5) in that 
paper, p.237-8, say that under the lUR sampling design 

9 {yi,y 2 ) ^ f f p{yuy2 I xuX2)h{xu^2 It)daridx2, 




( 6 . 8 ) 
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where (xi, X2), (yi, 1/2) is the size and shape factor of a particle, particle 
section, respectively, and h{xi,X2 jt) denotes the probability density of 
(a^i,X 2 ) given that the particle is hit by the lUR random plane. Note 
that h{xi,X2 It) is obtained from the unconditional probability density 
h{xi, X 2 ) using weighting by the particle mean width, i.e. 



h{xuX 2 It) = 



b{KQ{xi,X2)) 

f b(Ko(‘Wi,W2))h(wi,W2)dwidw2 



h(xi,X2); 



( 6 . 9 ) 



hence, (6.8) is equivalent to (6.5). 

In stereological literature at most two parameters (size-shape fac- 
tor, size-orientation) have been typically investigated. Theoretically the 
problems lead to Abel type integral equations which can occasionally be 
solved analytically, cf [19] for size-shape distribution of spheroids or [37] 
for size-orientation distribution of circular plates. For these and also for 
more difficult problems (e.g. size-number of vertices for polyhedra, size- 
shape of prisms) numerical methods are developed, cf. [85]. Moreover, 
if the function p in (6.5) is hard to be derived analytically, its discrete 
version is recommended to be obtained by means of simulations. 

For the purpose of a numerical solution of unfolding problems, data 
are grouped into classes (naturally obtained when using an image anal- 
yser for the measurement of planar sections). The integral equation (6.4) 
is transformed to a system of linear equations which are solved by means 
of an iterative EM-algorithm. This well-known method in statistics was 
first used in stereology by Silverman et al. [106], later systemically by 
[86]. EM-algorithm has the following advantages: 

(i) it converges quickly to a nonnegative solution (estimator of the de- 
sired distribution); 



(ii) the method is nonparametric histogram-based. 

On the other hand, the solution may not be unique, it depends on an 
initial iteration. However, the common use of a given planar histogram 
as an initial iteration is unifying and verified in practice. 

Eurther important issues concerning unfolding methods may be found 
in the literature: quantification of ih-posedness by the magnitude of con- 
dition numbers of the matrix of corresponding linear equations (Gerlach 
& Ohser [35]), variances of the estimates under the Poisson assumption 
(Ohser & Sandau [87]). The latter paper yields the most thorough anal- 
ysis of these aspects for the Wicksell corpuscule problem and its variants, 
including thin sections and linear probes. It shows that condition num- 
bers are reasonably small and that the relative error of estimation can 
be split into two parts. One part consists of the relative discretization 
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Figure 6.2. A circular plate oriented in spherical coordinates. 

error that increases with increasing class size and the second part is the 
relative statistical error which decreases with increasing class size. 

Exercise 6.4 Derive formula (6.4). Hint: Use Proposition 6.1. 
Exercise 6.5 Derive formula (6.7). 

6.2. Bivariate unfolding 

To demonstrate the approach from Section 6.1, a bivariate problem is 
solved. While the size-shape problems are reviewed in [86], a solution of 
a size-orientation problem is presented in detail here. For this purpose 
vertical sections, cf. Chapter 4, are applied. The lUR sampling design 
can be used only for inferring rotation invariant particle characteristics 
(size, shape), whereas the VUR sampling design makes it possible to 
obtain information on the direction (orientation) as well. 

6.2.1 Platelike particles 

Let $ be a stationary particle process in with intensity Ny and 
primary grain being a circular plate of zero thickness, random radius 
a > 0 and normal direction (0, <^), see Fig. 6.2. Here 9 € [0, |] is the 
latitude (angle between the plate normal and a fixed vertical axis) and 
(j> e [0, 27 t) the longitude. Assume that there exists a joint probability 
density function hi of a,9,(f), with respect to the measure sin0d0d^da, 
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Figure 6.3. Projected platelike particle and its VUR section (thick line). 



and denote 



1 

Ha, e) = ~ hi {a, 9,(t>)d(f) 

the joint probability density function of the radius a and angle 6. Note 
that h is nonnegative with 




sin^d^da = 1. 



In a vertical uniform random section plane, particle sections are observed 
as segments of length 2A > 0 and forming an angle a € [0, |] with the 
vertical axis. 

Let Na be the intensity (mean number of particle sections per unit 
area) and g{A, a) the density of joint distribution of A and a of the 
section process in the sense of Proposition 6.1 and Remark 6.2. Gokhale 
[37] derived an integral equation connecting h and g. First, a short proof 
of this result is presented. 



Theorem 6.6 Under the notation given above, we have 

AT r A \ Ar ^ f°° Acos^0sin0/i(a,0)d0da 

NAg{A,a)=Nv- / ^ 7 / T ' ' ' ^ 

^ Ja Jrr/ 2 -a Sim a\/ [a^ — A'^) (sim a — cos^ 9) 

( 6 . 10 ) 

for any A > 0 and a> ^ — 9. 



Proof. Let a plate Kq with parameters a, 9, (phe centred at the origin. 
A vertical uniform random section plane F is described by its distance d 
from the origin and longitude of its normal (p* . The probability density 
of the distribution /ig°^ of vertical planes hitting the plate Kq is 




0 <<p* <2tt, 0 <d< l{4>*) 
otherwise , 
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where 



l{np) = a\jl — sin^0sin^(i^ — (f>) 



is the support function of the ellipse of the particle projection (in vertical 
direction), see Fig. 6.3, and 

L = L{a,6)= I /(<p)d(p = 7r6(o,0) 

Jo 

its perimeter. The basic relations between spatial and planar parameters 
(see [37]) are 



sin(0* — 0) = cot d cot a, tt/2 - 6 <a < 



( 6 . 11 ) 



d — _ j^2 0< A<a. 

sma 



( 6 . 12 ) 



They define a transformation between {d,(f>*) and {A, a) which is one- 
to-one for 0 < <^* < I assuming (without loss of generality) that = 0. 
Its Jacobian 



dd dd 

r _ 3a _ 

dA da 

yields the conditional density 



cos^ 6 

sin^ aV sin^ a — cos^ 6 



^ /i : AJ 

p(Aah.,9) = -^ = ;^, 

independent of <f>. The assertion follows now by using (6.5). □ 

Formula (6.10) is a double Abelian integral equation the theoretical 
solution of which with respect to h is available, see [37]: 



Nvh{a,d) = 



oo 



TT cos^ 6 aia 6 dado 



II 



^ ® sin^acosag(A,a)dadA 



^cos^ a — sin^ ( 



In practical stereology, a numerical solution is prefered to the analyt- 
ical one presented. There are natural reasons for this: fast algorithms 
are available which deal with histograms obtained directly by automatic 
measurement of particle profiles (sections). The method is nonparamet- 
ric while an analytical solution typically needs a parametric model for 
either h or g with subsequent parameter estimation and model valida- 
tion. 



Exercise 6.7 Derive formulas (6.11) and (6.12). 
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6.2.2 Numerical solution 

In formula (6. 10) put 7 = 7r/2— a ing{A, a) and denote Am the upper 
endpoint of the support of the marginal size distribution of platelike 
particles (finite or infinite). Then we get after this change of variables 

- cos^08meh{a,9) dfl do 

TriVyi C 08 ^ 7 J ^ 7 — cos^ 9 )^^^ 

(6.13) 

In order to present a numerical solution we transform the equation (6.13) 
from the relationship between the density functions to the relationship 
between the distribution functions according to [15]. The right hand 
side of (6.13) can be transformed to 



giAi) = 



4Nv 



d d 



T(A,j) 



with 



and 



cos^ 7 sin 7 dA d7 ' 

rAm 

T{A,'y) = J j s{a,A)t(9,'y)h{a,9) 69 da 



(6.14) 



s{a,A) — {a^~A^)^^^, 

f (0, 7) = cos^ 9 sin 9 (cos^ 7 — cos^ 9)^^^. 

In the next step we will integrate equation (6.14) with respect to the 
variables A, 7. We can write 

rAm /• 7 t /2 

G(A,7) = j J g{s, 0) co8^ 0 sin Pdl3ds. (6.15) 

Integrating the right hand side of (6.14) as in (6.15), we get the desired 
equation 

4Nv d d 

NAGiA'y) = ^ 

4Nv 

= / / 3{a,A)t{9,'y)h{a,9)69da 

7T Ja Jy 

(6.17) 



In fact, G is not a distribution function corresponding to g, but we can 
weight the data correspondingly to the weighting in (6.15) and solve 
equation (6.16) with respect to h numerically. 
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Assume that parameters of platelike particles using VUR sampling 
design were observed (including the radius of the largest profile and 
Na)- Let for discretization the number of size classes be M and the 
number of the orientation classes be N. Thus, one can define class 
limits as follows: 

Ai = oi = iS, S = Am/M, i — 1, . . . , M; 

7j = dj = ^ = 7r/(2iV), 

Under the choice of the discretatization, the plate trace withA , 7 belongs 
to class {i,j) if Aj_i < A < Ai and Tj-i < 7 < 7 j- In this way we can 
classify input data into bivariate histogram with class limits for the size 
and the orientation. 

Next we suppose the function h{a,6) to be constant within each class 
{i,j)i h{a,0) = xij for Oj-i < o < o< and < 6 < 6j. As a dis- 
crete analogue of the stereological equation (6.16), the system of linear 
equations is obtained: 

M N 

Vkl ~ ^ ^ Pijkl^ij ) = 1 = 1, (6.18) 

i=k j=l 



Here yki is the (weighted, see (6.15)) mean number of particles in the 
class {k,l) and equals 



Vkl ~ Na (G'(Ajt_i,7j_i) — G'(Afc,7j_i) - G{Ak-i,'yi) + G{Ak,'fi )) , 
and 



Xij = Nvh{ai,9j). 



The coefficients of the system (6.18) are given by 



Pijki = -1,1 -1) -p{i,j,k,l -1) (6.19) 

-p{i,j,k- 1,1) +p{i,j, k,l). 



where 

4 riS pju) 

p{i,j,k,l) = - / s{a,Ak)t{d,'yi)d6da, i > k,j> I, (6.20) 

^ J{i—l)S J{j—l)ui 

and p{i,j, k,l) =0 otherwise. 

In order to solve the linear equation system (6.18) the EM algorithm 
was used in [15]. Suppose that y is the matrix of incomplete data ob- 
tained by planar sampling and x represents the matrix of parameters to 
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be estimated. Let Zijki be the number of events occuring in the class 
{i,j) which contribute to the counts in the class {k,l). Define 



M N 
fc=r i=r 




M N 
i=l j=l 



where is theA-th iteration of ^ij. Each iteration of the EM-algorithm 
has theoretically two steps. The E-step evaluates the expected value of 
Zijki given input data y under the current estimate of the parameter 

matrix x as 

Zijkl = (6.21) 

The M-step yields a maximum likelihood estimate of the parameter x 
using the estimated data Zijki from the E-step, i.e. 



X. 



(>+i) 

ij 



M N 



i=i 



(6.22) 



Combining these two steps we get an EM iteration given by the updating 
formula 



,(A+i) ^ 
ij 



X. 



(A) M N 






fc=ii=i 



VklPijkl 







(6.23) 



Equation (6.23) produces a sequence of solutions for the matrix of 

parametres x. As an initial iteration it is set = j/y. This choice of 
nonnegative initial values ensures that each of x is nonnegative. 

Exercise 6.8 Write down the EM-algorithm for the histogram solution 
of the Wicksell corpuscule problem in Example 6.3. 



Exercise 6.9 Simulate a realization of a Poisson process of spherical 
particles of equal size in a bounded window in space. Use a test plane to 
obtain a sample of section profiles radii. Use previous exercise to unfold 
the true radius distribution. 



6.2.3 Analysis of microcracks in materials 

In the applications in materials science, the platelike particles can be 
used as a model for extremely flat particles, but also as a model for 
cracks in material under loading. Consider the following experiment 
from School of Materials Science and Engineering, Georgia Institute of 





Figure 6-4- Left: The bivariate size and orientation planar distribution of observed 
microcrack traces in the composite A15086 under tension. Right: The estimated 
bivariate size and orientation distribution of true microcrack radii with the density of 
microcracks Ny = 2.52 • 10®mm“®. 



Technology, Atlanta. The composites A15086 and A16061 are described 
in [15]. The specimens of composites are loaded and microcracks appear 
in particle reinforcement. Metallographic samples were prepared and 
measured by means of an image analyser. Using the model of platelike 
microcracks, the EM algorithm is used to estimate the true bivariate 
size-orientation distribution. In the study, 5 classes of the radius and 5 
classes of the angle (in [0, |)) are chosen of equal size, the number of 
iterations of the EM algorithm is 16. 

Eor the composite A15086, a sample with tension strain 9.76% is 
evaluated. The total number of observed microcrack traces is 221, 
Na = 151 radius of largest profile Am — 0.00238 mm. The data 

and resulting estimator are in Eig. 6.4, classes are enumerated. Eor 
the composite A16061, a sample was exposed to compression with the 
value of strain 70%. The total number of observed microcracks is 228, 
Na = 218 mm“^, Am = 0.00345mm. The observed and estimated bi- 
variate size-orientation distributions are plotted in Eig. 6.5. The conclu- 
sion of this study is that expected results were obtained. The composite 
specimen under tensile test yields a typical graph of the marginal crack 
orientation with distribution concentrated at small angles 6, while the 
compressed specimen results in the marginal crack orientation distribu- 
tion concentrated at large angles 9, see Eig. 6.6 left, right, respectively. 

6.3. Tri variate unfolding 

In this subsection, the integral equation for the trivariate unfolding 
problem of size, shape factor and orientation of spheroidal particles is 
derived. The method from Section 6.1 is used again, first an intersection 




Particle systems 



183 





Figure 6.5. Left: The bivariate size and orientation planar distribution of observed 
microcrack traces in the composite A16061 under compression. Right: The estimated 
bivariate size and orientation distribution of microcracks in 3D in the composite 
A16061 with the density of microcracks Nv = 3.21 • 10*mm~^. 





Figure 6.6. Left: Estimated and true marginal distribution of the orientation in 
3D. Size and orientation distribution of microcracks of A15086 under tension. Right: 
Estimated and true marginal distribution of the orientation in 3D. Size and orientation 
distribution of microcracks of the composite A16061 under compression. 



of a particle and planar probe is characterized. Since the orientation 
(direction) of particles is among parameters of interest, the lUR sam- 
pling is insufficient for this purpose. Instead, the VUR sampling design 
enables an elegant theoretical solution in an integral equation form (6.4). 
We present both the oblate and prolate case since interesting conditional 
dependence relations arise among parameters which lead to an applica- 
tion of upper, lower Frechet bound [33], respectively. Concerning the 
numerical solution in [13] it was recommended to proceed in steps (de- 
composing the trivariate equation in a sequence of two simpler integral 
equations), whereas here a single trivariate equation is presented which 
can be solved numerically easily. 
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An arbitrary ellipsoid in the Euclidean space can be expressed by 
means of a symmetric positive definite square matrix W of type 3x3. 
The ellipsoid E attached to the matrix W and centred at the origin of 
a coordinate system is the set 

E = {u€R^ : uW~^u' < 1}, (6.24) 

where is the inverse matrix to VV and u' is the transposed vector 
u. The matrix W can be expressed in the form W = OVO' with an 
orthogonal matrix O (the columns of O correspond to the orientation 
vectors of the principal semiaxes) and a diagonal matrix T) (the diagonal 
elements are the square lengths of the semiaxes of E. 

Consider now an ellipsoid x + E, given by a matrix W = {wij)^ hj — 
1, 2, 3, which is centred in a point x = (xi,a: 2 ,a: 3 ) E Let Lo denote 
the plane x\ = 0, and consider the intersection of x + E with Lq. The 
following result is a special case of [78, Lemma 2.1]: 

Lemma 6.10 The intersection [x-\-E)C\Lq is nonempty if and only if 

e = 1 - ^ > 0. (6.25) 



Denote y = 



W22.3 = 



W 21 

^31 



1022 W23 
W23 W33 



^ and 

■mu 



/ U^21 A 

lon V ^31 / 



(W2l t 03 i) . 



Then for e > 0 wc have 

ix + E)DLo = {(0, v) : v€ R^, (v - y)yV 22 ^s(v - y)' < e}. 



(6.26) 



Moreover, the length of the orthogonal projection of x + E onto the xi- 
axis is equal to 2^wn. 



6.3.1 Oblate spheroids 

Let the primary grain of a particle process be an oblate spheroid E 
with semiaxes a = b > c centred in the origin. The direction of the 
axis of rotation is (6, (j>) . Let a vertical section plane F have normal 
orientation (tt/ 2 , (^*) in spherical coordinates and distance d from the 
origin. Under the condition that the particle is hit by F, denote the 
semiaxes of the intersection ellipse (6.26) by A, C, A> C, and by a the 
angle between the semiaxis A and vertical axis (it is correctly defined 
whenever C 7 ^ A), see Lig. 6.7. 
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Figure 6. 7. A vertical uniform random planar section of tin oblate spheroid 



Definition 6.11 The shape factors s,S of the particle, its section, are 
defined as 

s=-, 5=—, 

a A 

respectively. 

Clearly 0 < s < 1 and 0 < 5 < 1. 

Lemma 6.12 The spatial and planar parameters of a vertical section of 
a spheroid are related as 



sm{<f)* — <p) = cot 6 cot a 


(6.27) 


ffJa?' — A?' 


^ - s 


(6.28) 


II 

1 


(6.29) 


V ^11 


^11 = sin^ 0cos^((^* — <f)). 


(6.30) 



where 



Proof. Follows from Lemma 6.10 after a careful but straightforward 
calculation. □ 

We proceed by calculating the conditional densities for size-orientation 
and size-shape problem. Denote 

/3 / 
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the elliptic integral of second kind, specially = 6 {z). 

Proposition 6.2 Under the vertical uniform random sampling design, 
the conditional distributions of particle section parameters for the size- 
orientation, size-shape unfolding problem have densities, respectively. 



Pi{A,a I a,6,s) 

_ 4 A cos 0 ^ jl- {I- 52 )(sin^ 0 — cos^ 0cot^ a) 
L y/o? — A^ sin a y sin^ 9 — cos^ a 

for 7t/ 2 — 0 < a < tt/2 and 0 < A < a, and pi = 0 otherwise, and 



for 



P2{A,S I 0,0, s) 

_ 4 A 3 

s<S< 



((1 - ^) ('S'^ sin^ 0 + ^ cos^ 0 - 1)^ 
, 0 < < o. 



(6.32) 



a/ sin^ 0 + cos^ 0 

and P 2 = 0 otherwise. Here 

L = ivb{a, 9,s) = 4a£ ( \/l - sin 0) 



is th^perimeter of the ellipse of particle projection (in vertical direction) 
and b(a,9,s) its mean width. 



Proof. Consists of the evaluation of Jacobians analogously to the 
proof of Theorem 6.6. For the size-orientation problem we start from 
formula (6.27) and 

d = \/a^ - A'^^J 1 - (1 — 52 )(sin ^ 0 - cos^ 0cot^ a), 

for the size-shape problem we start from formula (6.28) and 



sin(^* — (p) = 





(s^ — l)sin^0’ 



obtained from (6.27)-(6.30). □ 

The main result of this subsection is the following theorem concerning 
the unfolding problem (6.5) of the size-shape-orientation distribution. 
Let h(a, 0, s), ff(A, a, S) be the probability densities of spatial and planar 
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parameters, respectively, H, G the corresponding distribution functions. 
Further denote 



D{a,8) 



\/ sin^ a — cos^ 6 
sin 0 sin a 



and 

B{s,9) = siaOs/T-^. 



Theorem 6.13 Consider the sampling design of vertical uniform ran- 
dom sections. Then 



NaG{A, a, S) = ^Nv p j j {a- y/a^ - 7l2)ifo(a, 5, 6, s)dif (a, 0, s), 

^ (6.33) 

where 

Ko{a,S,d,s) = mm{Ki{a, 6 ,s),K 2 {S,d,s)}. (6.34) 

Here for each fixed 0, s, 



Ki{aAs 




f(arcsinT)(a,0),B(s,0)), 

0 , 



7t/2 - 0 < a < 7t/2, 
a < 7t/2 - 0 



and 



K2{S,G,s) = 



^(arc8in(^yr 

0, 

S{B{s,e)), 



-^),B(s,0)), 3<S< 



S 

y/ s® Bin® C+co8^ $ ' 



So, 

otherwise. 



Proof. First observe from (6.31), (6.32) the conditional independence 
of A and a, (A and S), respectively, given the particle parameters. On 
the other hand, from formulas (6.27), (6.28) in Lemma 6.12 it follows 
that for fixed 0, s 

S = S{a) = a[l + (s^ - l)(sin^0 - cos^0cot^a)]”^^^, (6.35) 



which means that orientation and shape factor are conditionally func- 
tionally dependent (given particle parameters). Therefore, the joint con- 
ditional density p(a, 5 j 0, s) is degenerate and we proceed in terms of 
distribution functions. Observe that the transformation S{a) in (6.35) 
is monotone increasing on [0, |] for each fixed s, 0. Therefore (see [76]) 
the joint conditional distribution function 



P{a,S I 0, 5 ) = 



Ko{a,S,e,s) 

£{B{s,e)) 
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is equal to the upper Frechet bound [33] of marginal conditional distri- 
bution functions 

KijaAs) K2{S,d,s) 

£{B{s,9)y £[B{s,e)y 

which implies (6.34). The functions K\ andi ^2 are obtained from (6.31), 
(6.32): 




Although the independence does not follow from the pairwise indepen- 
dence, here thanks to conditional functional dependence of S and a we 
have the trivariate conditional distribution function 



_ 42 

P{A, a, 5 I a, d, s) = {1 - — ~)P{a, S I 9, s). 

a 

Now from Propositions 6.1, 6.2 and formula (6.4) we obtain (6.33). □ 

Exercise 6.14 Deriveformulas (6.27), (6.28), (6.29). Hint: Use Lemma 

6 . 10 . 

Exercise 6.15 Evaluate Jacobians for the proof of Proposition 6.2. 

6.3.2 Prolate spheroids 

Consider now a system of prolate spheroids with se mi axes a > b — c 
under the same notation as in the previous subsection. The unfolding 
problem for joint distribution of spatial parameters from planar parame- 
ters can be solved in an analogous way to the oblate case when replacing 
in the analysis a, A by the shorter semiaxes c, C. In fact, the triplet 
c, 6, s yields the same information as a, s. Therefore, the solution of 
the unfolding problem between joint probability densities /i(c, s) and 
p(C, a, S) of spatial, planar parameters, respectively, is satisfactory for 
practical application. 

Let the primary grain be a prolate spheroid E centred in the origin. 
The following lemma is derived again from Lemma 6.10. 
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Lemma 6.16 The spatial and planar parameters of a vertical section of 



given spheroid are related as 

sin(^* — 


4>) = cot 9 tan a 


(6.36) 




^ SVc^ - C72 

a = 

a 


(6.37) 




C = C 4 / 1 -— , 


(6.38) 




V 



where now 

wn = + (a^ - c^) - <j>). (6.39) 



We proceed analogously to the previous subsection, size is represented 
by smaller semiaxes. Denote 

2(s,0) = l + (s"^-l)sin=^0, M{3,d) = 

Proposition 6.3 Under the vertical uniform random sampling design, 
the conditional distributions of particle section parameters for the size- 
orientation, size-shape unfolding problem have densities, respectively, 

Pi{C,a \ c,9,s) (6.40) 



4 C 


COS 9 


jl -\- (s~2 — 1) (sin^ 9 — cos^ 9 tan^ a) 


L y/c^ — 


(72 cos a \ 


I sin^ 9 — sin^ a 



for 0 < a <6 and 0 <C <c, and pi = 0 otherwise, and 

P 2 (c, s\c,e,s) = j T ~ ^ ^ ~ 

(6.41) 

for 8 < S < \/ 8^ cos^ 9 4- sin^ 0, 0 < C < c, and P 2 = 0 otherwise. Here 

L = Tth{a, 9, s) = 4 cZ{8, 9)£{M{8, 9)) 

is the perimeter of the ellipse of particle projection (in vertical orienta- 
tion) and b{a, 9, 5 ) its mean width. 

Proof. Consists of the evaluation of Jacobians analogously to Propo- 
sition 6.2. For the size-orientation problem we start from formula (6.36) 
and 

d = y/c^ I + (s”2 — l)(sin^ 9 - cos^ 6 tan^ a ) , 
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for the size-shape problem we start from formula (6.37) and 

obtained from (6.36)-(6.39). □ 

Concerning the unfolding problem of size-shape-orientation distribu- 
tion we get the following result. 

Theorem 6.17 Consider the sampling design of vertical uniform ran- 
dom sections. Then in the prolate case 

Na G{C, a, S) = ^Nv J°° J j{c- \/<? - C^)Ko(a, S, 6, 3)dH(c, d, s), 

(6.43) 

where 



Ko{a,S,9,s) = max{0, ifi(a,0,5) +K2{S,9, s) — y/ 2{s, 6)£{M{s, 0))}. 

(6.44) 

Here for each fixed 6, s, 



Xi(a,0,s) = | 

and 



y/Z{s, 0)£ (axcsin(cot 6 tan a), M{s,6)), 0 < a < 0, 
Ki (a, 0, s) = y/Z{3,9)EiM{s, 6)), a>0, 



K2{S,0,s) = y/Z(3,0)£ ^arcsin g) \/^ ~ §2 j ’ ^(^,6) 



for 



s < S < V cos^ 0 + sin^ 0, 



K2{St0,s) = 0 for S < 3 and K2{S,0,3) ~ \/Z{3, 0)£{M(s, 0)) other- 
wise. 



Proof. From (6.40), (6.41) we have the conditional independence of 
C and Q!, (C and S ) given particle parameters, respectively. 

From formulas (6.36)-(6.38) in Lemma 6.16 it follows that for fixed 
0,3, 



S = 5(a) = -f (1 — s 2 )(gin 2 q _ gQg 2 0 a), 



(6.45) 
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which means that orientation and shape factor are conditionally func- 
tionally dependent and the joint conditional density p(a, 5 I 5) is de- 
generate. Observe that the transformation S(a) in (6.45) is monotone 
decreasing on [0, for each fixed s, 6. Again by [76], the joint conditional 
distribution function 



P{a,S\d,3)^ 



Koia,S,e,3) 

y/^^£{M{3,e)) 



is equal to the lower Frechet bound of marginal conditional distribution 
functions 

Ki{a,9,3) K2{S,e,3) 

^/2{^siM{3,e)y y/z(j;wi£{M{3,e)y 

which implies (6.44). The functions K\, K 2 follow from (6.40), (6.41): 





— l)(siu^ 6 — cos^ 0tan^ a 
sin^ 9 — sin^ yS ’ 



and 

K 2 {S, 9, s)= C— [(T^ - s2)(8in2 0 + cos^ 9 - T^)]" V2dT. 

Js « 



The last integral was found in [42], p.261. Combining this with inde- 
pendence of C we obtain (6.43) from (6.4) as in Theorem 6.13. □ 



Exercise 6.18 Derive formulas (6.36), (6.37), (6.38). Hint: Use Lemma 

6 . 10 . 



Exercise 6.19 Evaluate Jacobians for the proof of Proposition 6.3. 



6.3.3 Trivariate unfolding, EM algorithm 

In Sections 6.3.1 and 6.3.2, integral equations were derived for the 
evaluation of the joint distribution of spatial parameters (size, shape 
factor, orientation) of either oblate or prolate spheroidal particles. A 
numerical solution of these equations is presented which is based on stan- 
dard discretization techniques [19, 85]. In this way the integral equation 
is transformed into a system of linear equations which are solved using 
the EM-algorithm. The method is described further in terms of oblate 
spheroids, in the prolate case one can proceed analogously. 

Both planar and spatial parameters will be grouped into a trivariate 
histogram with class limits for size, shape factors and orientations (we 
assume for simplicity that the number of classes for each parameter is 
the same, which need not be the case in general): 

®«i 
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In the discrete approximation it is assumed that 

H{i,j,k) = P{a = ai,6 = Oj,s = Sk), ij,k = 1, ..,r, 
are probabilities of discrete values of spatial parameters. Denote 
Nv{i,j,k) = Nv H{i,j,k); 

thus 

'^Nv(iJ,k)^Nv. 

i,j,k 

Further, we write NA{i,j,k) for the input frequency histogram of ob- 
served particle section parameters in the class ijk 

Ai-i < A< Au oij-i < a < aj, Sk < S < Sk-i 

normalized in a way that 



'^NA{i,j,k) ^ Na 
i,j,k 

holds. Recall that Na is the mean particle section number per unit area 
of VUR planar probes. 

The stereological unfolding consists of the estimation of the spatial 
distribution Ny (i, j, k) given Na (i, j, k) . 

Using Theorem 6.13, the function K in (6.4) for oblate spheroids is, 
cf. (6.33) 



K{A,a,S,a,e,s) = -(a - - A‘^)Ko(a,S,9,s). 

7T 

Since K is derived from a conditional distribution function P, its discrete 
form for each class of section parameters given the particle parameters 
is 



Pijklmn — N (A{, (Xm, Sn, di,dj, Sk) Ff(.A;_x, Oni— ij Sn-lj ■*<:) 

+ K{Ai ) QJm-l) 9j, ^k) If Sji,a,i, 6 j, Sk) 

N{Ai,ocm, Sfi—ifdi,9j, Sk) A K{^Ai_i, (Xjhi Sfi—i, o,i, dj, Sk) 

— K(Ai, Q!m_i, Sji, flj, 0j^ 3k) A K(^Ai_i, otjji—i, Sji, dj, 8j, Sk)- 

Then the discrete version of formula (6.33) is 

NAil,m,n) = k). (6.46) 
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The EM-algorithm has A-th iteration step 

[h3,K) 7 — 2 -/ :Ji. ’ 

l,m,n irnn 



(6.47) 



where 



t%jk — ^ ^ Pijklmni 



l,m,n 



and 

’"Jmn ~ ^ ^)Pijklmn- 

i,j,k 

As an initial iteration j, fc) = N/[{i,j, k) is again appropriate. It- 

erations (6.47) converge rapidly to the desired estimator Ny{i, j, k), i, j, fc= 
1, . . . , r of spatial size-shape-orientation distribution. 



6.3.4 Damage initiation in aluminium alloys 

In the materials research, the connection between micro structure and 
properties of materials is studied. The information about hard opaque 
materials is typically obtained from a single planar section of material 
specimen. Therefore, stereological methods described above are desired 
in metallography to quantify the microstructural geometry. 

In the forthcoming study the developed method for the unfolding of 
particle size-shape-orientation distribution is used. The material under 
investigation is an AlSi alloy with aluminium matrix and silicon particles. 
The production of the material is described in detail in [13]. Except 
of a very small number, the particle shapes can be approximated by 
oblate spheroids. Uniaxial tensile tests using cylindrical specimens were 
carried out. Brittle particles embedded in ductile matrix do not deform 
plastically and particle cracking has been expected during deformation. 
In order to study the damage of particles metallographical samples were 
prepared on two levels of strain: non-deformed and deformed up to 
fracture (strain 20%). The samples were cut randomly parallel to tensile 
specimen axis to follow the VUR sampling design. Thus the orientation 
of the vertical axis has a clear physical interpretation here. A micrograph 
of the sample cut from non-deformed material is in Eig. 6.8. 

Quantitative metallographical analysis has been performed in the Re- 
search Institute for Metals, Panensk6 Bfezany. The input data were 
obtained using IBAS-Kontron image analyser connected to a light mi- 
croscope. The discretization of parameters used is the following: 

aj = Aj = b>, j € Z, Si = == (1 - -)'', ji = 6i:= zA, i = 1, ..,r. 

(6.48) 
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Figure 6.8. Micrograph of a polished metallographical sample of an AlSi specimen 
in a non-deformed state. 



Here 6 > 1, « > 0 are given constants, r the number of classes, A = ^. 
The exponentially increasing limits for size classes have storage advan- 
tages described in [85]. Notice that classes of colatitude 6 in (6.48) cor- 
respond to areas on the hemisphere of spatial orientations proportional 
to (cos0j_i - cos 6i). 

The estimated trivariate distribution using (6.47) will be involved in 
the Weibull deformation model. Assume that the probability 7^ of a 
fracture of a particle of volume V = ^ira^s, orientation 9 and shape 
factor s is governed by the formula 



V = 1 - exp 



V f MsAe.V) )' 

Ko 1, cro J 



(6.49) 



where cro, Vq are constants, m the Weibull modulus, e the applied strain 
and <jp the stress in the particle. Assume that we know the stress func- 
tion CTp(s, 9, £, V), a simplified model was suggested by Slamova [107]: 



= f^m(l + (6.50) 

os 

where cr^ is the matrix tensile strength which is a known function of 
e. The trivariate (a, 9, V) distribution for both populations of all and 
cracked particles (with intensities Ny, Ny, respectively) is estimated in 
a histogram form with classes indexed by i, j, k. Then we put 

V 

Ny{i,j,k) 



(6.51) 
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and estimate the parameters in (6.49) using regression teehniques. An- 
other stereologieal problem arises here sinee not all craeks are observed 
in the section plane. We model cracks as planar surfaces parallel to 
spheroid rotational axis, intersecting a particle. A simplest correction of 
this effect is based on the fact that a random chord on a disc has prob- 
ability I to be hit by another random chord (representing the section 
plane). This leads to the factor 2 in (6.51). A more detailed correction 
based on the assumption that the number of cracks per particle is a 
Poisson random variable is suggested in [13]. 

In numerical results, first spatial geometrical parameters of particles 
in the given material (AlSi alloy) are compared for samples of 

a) aU particles observed in nondeformed state (denoted 2L), 

b) particle sections with at least one observed crack in the deformed 
state (strain 20%, denoted 2LC). 




Figure 6.9. Estimated sp>atial size-shape-orientation histograms estimated from sam- 
ples 2L (a), 2LC (b). The volume of three-dimensional balls observed is proportional 
to NvF{i, j, k) values. The constants of proportionality are chosen in such a way that 
the sums of ball volumes in each histogram coincide. The axes intersect in the point 
corresponding to i = j = k = 1. 
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Table 6.1. Estimated meaji values, staudaid deviations and correlation coefficients 
of particle parameters 





Nv 


Ea 


E^ 


Ea 


(To 


ere 


<r. 


Qa$ 


Qas 


Qe» 


2L 


210 


2.97 


1.08 


0.36 


2.66 


0.382 


0.187 








2LC 


7.25 


9.22 


1.15 


0.122 


6.89 


0.34 


0.116 


0.018 


-0.501 


-0.111 



The total area included in the analyses for both samples 2L, 2LC was 
9.92 mm^. The parameters of dicretization b = 1.75, k = 1.5 were cho- 
sen, number of classes r = 8. A sample of n = 10, 017 particle profiles 
was measured among which 1,058 were observed with cracks in the de- 
formed state. The unfolded trivariate histograms corresponding to these 
two samples are presented in Fig. 6.9. We observe a negative correlation 
between size and shape factor and comparing both histograms a natural 
result that larger and thinner particles tend more to cracking. 

The number density Ny estimated from measured particle 

sections is in Table 6.1 together with estimated expectations and stan- 
dard deviations Ea [//m], E6, Es, ae, 0 's, of particle longer semiaxis, 
orientation and shape factor, respectively, and sampling correlation co- 
efficients between pairs of these parameters: QaO, Qasi Q9s- 

Finally, the probability of particle damage is evaluated. Among 1,058 
particles with observed cracks only 16 times two cracks were observed 
and in any case more than two cracks. For the estimated spatial parame- 
ters and am — 45MPa corresponding to the strain 20% using the Newton 
method we obtained the least squares estimator m = 1.92 in (6.49). This 
quantity is most desired by engineers to classify the damage properties 
of metals. 

6.4. Stereology of extremes 

By stereology of extremes we mean the unfolding problem (6.5) for par- 
ticle systems with the aim to unfold extremes or quantiles of the distri- 
bution of random particle parameters. This is important in practical ap- 
plications, e.g. engineers claim that the damage of materials is related to 
extremal rather that mean characteristics of the microstructure. While 
stereological relations for moments of particle parameters are known, see 
(6.7) and in more detail Ohser and Mucklich [86], methods for predic- 
tion of spatial extremes based on data from lower-dimensional probes 
still have to be developed. The first step was prediction of extreme size 
of spherical particles suggested by Takahashi and Sibuya [113, 114]. The 
theoretical background derived by Drees and Reiss [28] is based on the 
statistical extreme value theory (de Haan [24]). In a similar manner 
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recently the prediction of extremal shape factor of spheroidal particles 
has been investigated by Hlubinka [53]. 



6.4.1 Sample extremes - domain of attraction 

Let Khe a univariate distribution function, if" be the n-th power 
of K, i.e. a distribution function of a maximum of n independent 
random variables distributed according to K. 



Definition 6.20 K belongs to the domain of attraction of a distribu- 
tion function ^ if there exist normalizing constants {bn} such that 

for all X 





lim K'^{anX + 6„) = 

n-^00 


(6.52) 


where ^ is one 


of the following distribution functions: 






( exp(— a;""^), a: > 0, i = 1 (Prechet) 

< exp(— (— a;)'*'), a: < 0, i = 2 (Weibull) 

exp(— e~®), a; E M, i = 3 (Gumbel) 


(6.53) 



and 7 > 0. 



We shall write K € T>{R) if if is in the domain of attraction of M. 
•^ 3,7 = -^3 does not depend on j. 

Recall the following conditions for K G Denote a; = sup{a: : 

K{x) < 1} the right endpoint of the support of K. Then 



K € 



K e P(^2,7) 
K E V{^3) 



1 -K{xs) _ 

= +00, lun X a; > 0 

S-KX) 1 — iiL(s) 

l — K(uj — xs) ^ 

< +00, lim ^ = x^,x >0 

s\o 1 - K{lu - s) 

1 — K{s + xb{s)) 

1 - 



^ e E 



where b is some auxiliary function, which can be chosen such that it 
is differentiable for s < cj, limg_>i^ 6'(s) = 0, and limg^oo 6(s)/s = 0 if 
a; = oo, or lims_^tj b{s)/{ut ~ s) — 0 if u < oo, see e.g. [24]. 

If the distribution K has a density k, there are sufficient conditions 
for K to be in These conditions are 





a; > 0, 


. ,. k{xs) _( 

uj = +00, lim , ■ . = X 
S-HX k[s) 


(C-2,7) : 


X > 0, 


, ,, k(u — xs) „_i 

u < Too, hm -77 f- = x^ ^ 

s\o k(u — s) 


(C^3): 


X E M, 


A:(s + x6(s)) 

» / \ 
k(s) 
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where b is again an ‘auxiliary function’ which can be chosen as above. 

Exercise 6.21 Show that the distributions a) Gamma (with probability 
density (6.65)), b) standard Gaussian, belong to the Gumbel domain of 
attraction. Hint: Use condition (Cz). 



6.4.2 Normalizing constants 

In the Gumbel case in (6.53) (which is followed e.g. by Gaussian, 
log-Gaussian or Gamma distribution), a theorem of von Mises says (see 
[24]): 



Proposition 6.4 Let K be a distribution function with K (a:) < 1 for 
all X < oo, which is twice differentiable for x > Xq and some xq. Let 



lim 



1-K{x) 



= 0 . 



n->oo da: [ K'{x) 

Then (6.52) holds uniformly in x € M, where 

bn = inf{x : 1 - if (x) < 1/n} and a„ = l/nif'(6„). (6.54) 



In general, it is not easy to express On, bn by an analytical function 
of n. Takahashi [112] derived a simple method for the evaluation of 
normalizing constants in the Gumbel case which is based on finding 
5>0, 6>0, (5>0 and d G M such that 



lim 



1 - if (x) 



1 . 



(6.55) 



x^cxj Bx*exp(— dx**) 

Explicit formulas for an, bn depending on B,b, 6, d are then available: 

i/d-i ^ 

Id' 



_ /lognV 

"" W J 



bn = 



_ f logn Y^^ ^ ^(loglogn-logd) + logB 



<5 ) 



(IOJ2) 



1-1/d 



(6.56) 



5d 



Maximum likelihood estimators (MLE) of the normalizing constants 
based on k largest observations are discussed in the following. Weissman 
[121] derived the joint density of k largest observations out of a random 
sample of size n. It has the form 



/(xi,X2,...,xjfe) =a„*=exp { 






k 

L 

i=i 



> (6.57) 
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for Gumbel limit distribution and Xi > > ■ ■ ■ > Xk the largest ob- 

servations. Let us denote by Xk the average of k largest observations. 
Hence, the MLE of the normalizing constants are 

On ~ ~ ^ "b (6.58) 

Based on the exphcit form of normalizing constants from estimators 
(6.58) we can quite simply calculate the estimate from observed data. 
There is, however, a problem how to choose k. One should note that the 
Gumbel distribution is only a limit for the tail behaviour of the data and 
hence it should be better to use the very extremal observations. On the 
other hand, more observations used for the estimate usually give more 
precise estimate. The choice of k should be therefore balanced, taking 
into account these two facts. 

Exercise 6.22 Evaluate the normalizing constants for the distribution 
a) Gamma, b) standard Gaussian. Hint: Use (6.55), (6.56). 

6.4.3 Extremal size in the corpuscule problem 

In the situation of Example 6.3, attention is paid to the upper tail 
of spherical particles radii with the distribution function H. Obviously, 
a large section circle radius can only be observed if the corresponding 
sphere radius is large, see Eig. 6.1, therefore large circle radii contain 
decisive information about the upper tail of H. In the model-based ap- 
proach, assuming that particle centres form a stationary Poisson process 
marked by independent radii. Drees and Reiss [28] proved the following 
for the equation (6.6): 

Theorem 6.23 Let 'y>\, fd = 'y— I if i = l and 'y > Q, ^ = -y + \ if 
j = 2. Then we have for i = 1, 2, 3/ 

(a) ifHeV{Mi,^) then G e 2)(^.^); 

(b) if H fulfills (Ci^^) then G fulfills (Ci^p); 

(c) if G fulfills (Ci^p) then H 

A fine analysis of generalized Pareto type distributions H (Erechet 
class) is further derived in [28]. 

Theorem 6.23 (b) says that transformation (6.6) of size distribution 
is stable with respect to the domain of attraction. Takahashi & Sibuya 
([113], [114]) tried to develop Theorem 6.23 for applications in metal- 
lography, namely for the prediction of extremal particle size based on 
observation of maximal profiles from planar section of a material speci- 
men. Typically a parametric model for H is suggested which belongs to 
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a domain of attraction, from (b) in Theorem 6.23 G belongs to the same 
domain of attraction. From the observation the normalizing constants 
in (6.52) for G can be estimated and the aim is to get normalizing con- 
stants On,, fen for H. Then one can approximate the distribution 
by ~ fen)/On)' 

[113] reformulated (6.6) in terms of areas (of great circle of spherical 
particles and of sections) and obtained results analogous to Theorem 
6.23. They considered the generalized Gamma distribution for the areas 
of great circles and finally obtained explicit formulas for normalizing 
constants for both the particle and particle section limiting distribution. 
The p-quantile Xp of the extremal distribution and its mean EA"(„) are 
then estimated as 

Xp = bn+ o„(- log(- logp)), = fe„ -I- OnC, (6.59) 

where C = 0.5772 is the Euler constant. The application is not com- 
pletely straightforward since an optimal sampling procedure is desired. 
This is further discussed in [1 14]. 

6.4.4 Shape factor of spheroidal particles 

In engineering applications also the extremal shape factor of particles 
is of great interest. In [53] the extreme value theory was applied to the 
unfolding problem of size and shape factor of spheroidal particles. 

Consider spheroidal particles with the notation as in Subsections 6.3.1, 
6.3.2. We study isotropic uniform random planar sections of the par- 
ticles. The shape factor is defined in a different way than in Defini- 
tion 6.11, the reason is that we deal with parametric models in the 
following and an unbounded support offers a larger variety of known 
models. 

Definition 6.24 The shape factor t,T of a particle, its section is de- 
fined as 

t=- 1 T=— 1 

c2 ’ G2 ’ 

respectively. 

It is clear that 0 < c < a < r), and 0 < t < a;, where equalities hold 
for balls. Values rj and u> are fixed nonnegative real numbers (possibly 
infinity), the upper end-points of the supports of distribution of a and 
f, respectively. Similarly 0 < zl < a and 0 < T < f. 

In what follows we restrict our attention to oblate particles only. The 
theory for prolate particles is analogous. All probability densities used 
in the following are assumed to exist. An lUR sampling design is used. 
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Let h{a,t) be the joint probability density function of size and shape 
factor (a, t) of the particle. The distribution of the planar section size 
and shape factor (A, T) has joint density 



(6-M) 



Here a formula of Cruz-Orive [19, (6b)] was adapted, since the shape 
factor of excentricity = 1-C=/O^€[0,l] is used there. 

The joint distribution of the original size a and the profile shape factor 
T is needed as well. 



Lemma 6.25 For the joint probability densities z{a,T), h{a,t) of {a,T) 
and (a, t), respectively, it holds in the oblate case 



z{a,T) 



n/T + T h(a,t)dt 

Ma Jt ViVT+ty/r^' 



(6.61) 



where 



Ma 




arctan -\/t j h{t \ o)dL 



Proof. Let E be a fixed spheroid (oblate) with parameters (a, t), 
centered in the origin, with rotational axis along vertical direction. Let 
F be an isotropic uniform random section plane parametrized by (r, 0,(j>)i 
where r is the distance from the origin and {6, <f>) spherical coordinates 
of its normal orientation. The probability density of (r, 6) given that F 
hits X is 

q{r,6 I o,f) = sin0, 

where —D{6) < r < D{9), 6 € [0,7t/2], D{9) = a is 

a half of width of E in direction 9 (independent of (f>), w hi le the mean 
width of £" is 5 = 27T” The marginal density is 



q{9 I a,f) = / b ^sin0dr = 
J-D{8) 



2D{9) 

b 



sin0. 



After a transformation T = t sin^ 9 which relates the section shape factor 
to particle parameters we obtain 



z(T I a, i) = 



a frTi 1 
6V t + 1 y/tit-T)' 
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Now for a random particle of given size a it holds 



p(jJ 

i{T \ a) = j z(T \ a,t)h{t \ a,'[)dt, 



where (cf (6.9)) 



is the conditional probability density of t given the size a and under 
condition that the particle is hit by the lUR plane. Further it is 

/•’r/2 / i o ^ 

b{a,t) = 2a J ^ ^ ^ coa^ 6j sin0d0 



= 2a 



/ t+T 1 

D y t+ I 2y/i{r^' 



Denote 



Ma = 6(a,f)/i(f I a)dt = J 



h{t\a) f\f rTT 

Jt{t + 1) Jo y t-T 



dTdt 



= J (i + 1) + Y - axctan \/i h{t | a)df. 



Then for conditional probability densities we have 

,(T|g)==^r 

Ma Jt ViVT+t^/t^ 

and since for marginals it holds h{a) = / (a) for aU a, also 



(6.62) 



Ma Jt ViyA 



+ t\/r^ 



and the proof is completed. □ 

The complementary equation which together with (6.61) yields (6.60) 
is 

NAQiA, T) = ANv £ ^^da. (6.63) 

Further, denote z{t) = h{t) the marginal density of the transformed 
shape factor. We have 



j(T) = v/TTt r f 

Jt Viy/T+ts/t^ Jo 



'' h{a,t) 
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6.4.5 Prediction of extremal shape factor 

The ideas of Drees & Reiss [28] were shown to be able to extend to 
extremal shape factor analysis. Let Za, Z, /fa, Gti^t be distribution 
functions corresponding to densities Za,z,ha,9A^9T,ZT- Here the lower 
index expresses the conditional distribution, e.g. ha{t) = h{t\a), while 
Z = Z(7) is the marginal distribution function. Then it holds (Hlubinka 
[53]): 

Theorem 6.26 a) Suppose that for any fixed size a the distribution 
function Ha{t) satisfies condition Ci^y. Then Za G V{Li^p), i = 
1 , 2 , 3, where ^ — 'y for i = 1 , and /3 = 7 + 1/2 for i = 2 . 

b) Assume that Ha{t) satisfies the condition Ci,'f uniformly in a. Then 
Ga € V{Li^p) for all A, i = 1,2,3, where 0 — J for i = 1, and 
/3 = 7 + 1/2 fori — 2 . 

c) Assume that Ha{t) satisfies the condition Ci^y uniformly in a. Then 

Z{T) € T>{Li^p), i = 1, 2, 3, where ^ = 7 for i = 1, and ^ = 7 + 1/2 
for 1 = 2. 

Roughly speaking, the theorem says that transformations (6.62), (6.60), 
(6.64) of the shape factor distribution given size are stable with respect to 
the domain of attraction. For practical application one needs to estimate 
the normalizing constants an■,bn,ay^,b^ such that, conditioned by the 
particle size a, the convergence in distribution 

MzhiAA 4 a , 

On On 

takes place, where T^n) is the maximum of n independent observations, 
and A is a random variable with extremal type of distribution. 

The applicability of assertion a) in Theorem 6.26 is investigated in 
[53] as the case of known particle size a. Since a is in practice unknown 
it cannot be directly applied to measured data and it is only briefly 
discussed in the following. 

Let us suppose that the distribution of t given a is a Gamma distri- 
bution with the density ha(t) 

ha(t;a,p) = 

where both a = a(a) and p. = p{a) possibly depend on the condition a. 
Recall that Gamma distribution belongs to the domain of attraction of 
Gumbel distribution with distribution function L{a) = exp{— e~“}. 
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Theorem 6.27 Assume that for any fixed size a the shape factor t fol- 
lows Gamma distribution. Then both t and T (conditioned by a) belong 
to the Gumbel domain of attraction and their normalizing constants are 

On = -, K = - logn + (a - 1) log logn + log , (6.66) 

fi fj, r(a)J 

'1 l' 1 fl ( 1 1 1 

^ - 2 j J ’ 

( 6 . 67 ) 

respectively. 



Proof.: Formula (6.66) is known, see e.g. [112, Proposition 4, Ex- 
ample 2], also Exercise 6.22. Eormula (6.67) is proved in [53] as follows. 
The behaviour of 1 — Za[T) as T -4 oo is investigated to apply (6.55). 
Integrating (6.62) one obtains 



l-Za{T) = 

1 r r Vr+Ty/i^ flTt 



( 6 . 68 ) 



1 I ± ~r V 11/ X , yv, 

= -MJr [ vtvTTt 

and using (6.65) and the substitution w = t + T one obtains that 



arctan ■ 



1 + r 



1-Z„(T) = 



MaT{a) ® 






H)\a-3/2 



I 1 + T 
1 + w + T 



y/w + y/l-\-T + w ajctan . 



1+T 



Now since 



' 1 + T 
1+w + T 






Uj\a-3/2 

t) 



O + T + w arctan - 



14- T 



-4 ^/w 



as T -4 oo, one can conclude that for large T the tail of the distribution 
fulfills 






Hence we see that in (6.55) 



T(^). 

( 6 . 69 ) 



„ y/ttyf^ 2 ^ Z , j , 




Particle systems 

and using (6.56), the proof is complete. 



205 



□ 

A natural question arises whether it is possible to get a similar result 
without the assumption of known particle size. Theoretical bases are 
here assertions (b), (c) in Theorem 6.26, where moreover the uniformity 
in the conditions - (C3) is assumed. This need not be satisfied 

in simple models, see Exercise 6.28. The use of a bivariate size-shape 
factor distribution model is unavoidable, and because of complexity of 
relations a simple model serves as a starting point in the next subsection. 

Exercise 6.28 Assume that 

(log a, logi) 

is bivariate Gaussian, S = ( ^1^2 \ ^ conditionally 

\ paia2 y 

logf I a ~ N{fjL 2 + -(logo - Ml), £^2(1 - P^))> 
cfi 

It follows that t \ a is log-Gaussian for each a and belongs to T>{^ 3 ) 
according to [112]. Show that the uniformity condition from (b) in The- 
orem 6.26 is not fulfdled. 

6.4.6 Farlie-Gumbel-Morgenstern distribution 

Recall that abivariate continuous Farlie-Gumbel-Morgenstern (FGM) 
type of distribution is given by 

h{x,y) = hx{x)h 2 {y)[l + A(2ifi(x) - l)(2ff2(y) - 1)), (6.70) 

where |A1 < 1, /ii and h ,2 are the marginal densities of h and Hi,H 2 are 
the corresponding distribution functions. The uniformity condition in 
Theorem 6.26 is fulfilled for the FGM system of distributions, as proved 
in [52]: 

Theorem 6.29 Consider that a joint density h{x,y) is from the FGM 
class. If the conditional distributions hx{y) satisfy condition Ci^a far 
some i then they satisfy it uniformly in x. 

Normalizing constants of the original and section shape factor will be 
derived assuming that the joint distribution of (a, t) has form 

h{a,t) = ^Me"''‘[l+A(2a//3-l)(l-2e-^‘)], 0 < o < A * > 0, (6.71) 
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h{a, t) =0 else, that means FGM uniform/exponential with parameters 
li > 0, I A |< 1, > 0. In [53] also the exponential/exponential case is 

considered. 

Concerning the normalizing constants for the original shape factor 
given size a (which belongs to the Gumbel domain of attraction) we 
have 



/ oo 

+ A{2a/^ - 1}{! - 2e-'^“}]du 



(6.72) 



it is easy to conclude (Exercise 6.32) 



bn = - [log n + log {1 + X{2a/P - 1)}] . 
A* 



(6.73) 



Next consider the observed quantities. 

Theorem 6.30 Assume that the joint distribution of spheroid size and 
shape factor (o, t) is bivariate FGM with density (6.71). Then both the 
conditional distribution of {T j A) and the marginal distribution of T 
belong to the Gumbel domain of attraction for sample maximum and 
their normalizing constants are given by formulas 



pb'n = log n - - log log n+ 



+ log < r 



/ 1 - A / /3 + - A2 



bgiA) \ 0 






( 6 . 74 ) 






/i6"= logn- iloglogn + log|v^^-^7i + 1^/2! , 



(6.75) 



respectively, where 



r0 I a 

h = / ^2 = / xrda. (6.76) 

7o Mq Jq Ma 
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Proof. We start with the conditional distribution with tail (b is the 
mean width) 



1-Ga{T) = 



bgiA) 



1 f l{l + T){t-T) 

\\l ^ 

X (l + \{2a/^ — !}{1 — 2e“^‘}) dMo. 



l + t 



arctan 



t~T 



1+Tj 

(6.77) 



Using (6.55), (6.56) we obtain (details are left to Exercise 6.32) (6.74). 
Finally for the marginal distribution it holds 



roo rc 

G{T) = v/r+7 J 



1 



IT Js ^/t{l + t){t - s) 

+ A{2a/;9 - 1}{! - 2e-'^*}] 

Jo PMa 



(6.78) 



dadfds 



Again using (6.55), (6.56) we obtain normalizing constants (6.75), details 
are left to Exercise 6.32. 

□ 



The idea is to estimate the constants in (6.74) or (6.75) from the pla- 
nar section data and then, via parameters of the model, try to calculate 
the normalizing constants (6.73) for original data. Thus the prediction 
of extremes can be reahzed. 



Exercise 6.31 Show that the correlation coefficient between the com- 
ponents ofFGM distributed random vector lies in the range — ^ and 

Exercise 6.32 Derive formulas (6.73), (6.74), (6.75). Hint: Use (6.55), 
(6.56) and formulas in the proof of Theorem 6.30. 



6.4.7 Simulation study of shape factor extremes 

In this subsection the utility of extreme value theory for the extremal 
shape factor prediction is tested in a simulation study. The steps of 
the algorithm are described in detail in [6]. A sample of N isotropic 
oblate spheroids is simulated according to the uniform/exponential FGM 
distribution. A bivariate size-shape factor histogram of lUR particle 
sections is the input for the estimation procedure. The transformation 
from the spatial to the planar distribution of the size and the shape factor 
given by (6.60) is observed in Fig. 6.10. To approximate the conditional 
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Figure 6.10. The spatial (left) and planar (right) histogram of bivariate size-shape 
distribution from simulated data. The spatial parameteres: /? = 1, n = 0.2, A = 0.9. 

distribution of the section shape factor T (given size A), J size classes 
are used. For each j = 1, . . . , J find the vector Ti = (Tf, of 
k largest observations of section shape factor and use (6.58) with T- 
instead of Xi : calculate Ti = j 2i=i Then the estimators of o{,, b'^ 
are = Ti - and ^^ = a!^logk + if . Here n = Uj is the sample size 
of particle sections in the selected j-th class. 

The goal of uniform m^ginal size distribution is that an asymptot- 
ically unbiased estimator /0 = maxj Ai for is available. From (6.60) 
the marginal size density g{A) can be obtained, putting it into (6.74) a 
system of two equations for unknown A, /i is obtained: 




The second equation of (6.79) can be solved explicitely as 
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Table 6.2. Simulation results for different setting of the parameter A, the estimate 
of /3 = maxij4j, p = il« and estimated values for o„, 6 n,E<(n)) 9.06 given 

n = 10“, a = 0.98. 



A 


A 


4 


A 




6n 


Ef(„) 


90.95 


0.9 


0.91 


1 


0.21 


4.76 


46.84 


49.60 


60.98 


0.5 


0.45 


1 


0.21 


4.76 


45.57 


48.32 


59.71 


0.0 


0.02 


1 


0.20 


5.00 


46.15 


49.03 


61.00 


-0.9 


-0.70 


1 


0.22 


4.54 


36.80 


39.42 


50.28 




i + “p(y 



( 6 . 80 ) 



The conditional rather than the marginal distribution of A is used 




Prob*e*ty 



Figure 6.11. For A = 0.9, n = 100, x = 0.98 the lower grey line indicates the limiting 
distribution with estimated a„, b„ and the solid black line corresponds to the true 
distribution 



for the estimation of A since it is computationally easier. Typically, 
a class of high j is used for this purpose, for more details see [6]. In 
order to estimate a^, bn we plug in (6.73) the estimators A, /3, p- Using 
Theorem 6.30 for the maximum conditional shape factor (f(n)|o) one can 
approximate its distribution function = (ifo(t))” (independence 

takes place) by the Gumbel distribution. Then the quantiles of (f(n)la) 
are estimated (cf. (6.59)) by Qp = bn + 6n{— log(— log p)), 0 < p < 1, 
and Ei(„) = + OnC. Numerical results are presented in Table 6.2 

for simulations of size N « 10®, with ^ = l,p = 0.2 and four levels 
of A. As expected when conditioning by large a the estimators of the 





210 



STOCHASTIC GEOMETRY 



characteristics qp suggest decreasing tendency with decreasing A. 
A comparison between the true distribution of the maximum 
(with known parameters) and its limiting version ^3 Gumbel, 

based on the reconstructed normalizing constants On, 6 n is presented in 
Fig. 6.11 for the case A = 0.9. The curves differ since the estimator ft 
was employed, on the other hand the curves coincide if the true value /i 
is employed. A proper estimation of fi is therefore strongly needed. 
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